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PREFACE 


'■ I ''HE present Work contains all the 
Propositions of Plane Trigonometry 
that do not require the use of De Moivre's 
Theorem. As it is intended for Junior Stu- 
dents, the Demonstrations are simple and 
elementary. All necessary explanations are 
given very fully, but unessential details are 
purposely omitted. Numerous Examples are 


tion, are very easy, but towards the end they 
get gradually diflEicult. The Author trusts 
it will be found that his Manual removes 
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PREFACE. 


lowed by an advanced Treatise, which is 
nearly ready, containing all the higher 
parts of the subject, including Hyperbolic 
Functions and Spherical Trigonometry. 

JOHN CASEY. 


86, South Circular-road, Dublin, 
January 25 , 1886 . 
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A TREATISE 


ON 

ELEMENTARY TRIGONOMETRY. 


CHAPTER I. 

DEFINITIONS, ETC. 

I. The Bfumerical Measure of any quantity ^ 
such as an angle, a line, is the ratio if hears to a 
ctrtain standard quantity of the same kind as itself, 
called the Unit. Thus, the numerical value of an 
angle is its ratio to the angular unit. The numeileal 
ualue of a line is the number of linear units {such as 
yeet, which it contains. 

Mathematics are occupied with quantities, that is, with things 
that can he measured; and each branch deals with a special 
kind. Thus, Trigonometry primarily treats of calculations con- 
cerning lines and angles, and, in order that these may become 
subjects of computation, it is necessary to show howto measure 
them. 

2. There are two methods of measuring angles : 
1°. The sexagesimal, which is used in practical appli- 
cations, such as Astronomy, Navigation, &c. 2°. The 
circular method, employed in Theoretical Trigono- 
metry, and in the various branches of Analytical 
Mathematics. 
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DEFINITIONS. 


3 . 1 ?lae {Sexagesimal Metliod. — In this method ' 

a right angle is divided into 90 equal parts, called 
degrees : a degree into 60 equal parts, called mi- 
nutes : a minute into 60 equal parts, called seconds. 
These are indicated by the symbols Thus, 

20® 25' 30" denotes 20 degrees, 25 minutes, 30 
seconds- 

4. A third method, called the centesimal^ was intro- 
duced in France at the time of the Revolution. In 
this method the right angle was divided into 100 
parts, called grades : a grade into 1 00 parts, called 
minutes: a minute into 100 parts, called seconds. 
These sub-divisions are denoted by the symbols 

Thus, 32^, 14, 57". This method is now 
disused ; but candidates at Civil Service Examina- 
tions are sometimes questioned on it. 

5. Comparison of tlie iSfexagesimal and 
Centesimal Measures of an Angle. 

Let A denote the angle ; Z>, G the degrees and 
grades ^respectively contained in it ; then, since a 
right angle contains 90 degrees, 

A : a right angle : : i? : 90. 

In like manner, 

A : a right angle : : (y : 100. 

Hence i!> : 90 : : 6r : 100 ; 

therefore Z) : G : : 9 : lo. 


DEFINITIONS. 
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I‘:XERCISES.-— I. 

1. Find the number of degrees in the vertical atiglc of an 

isosceles triangle, each base angle of which is double ol the ver* 
tical. 36“. 

2. How many grades does a side of a regular hexagon nub- 
tend at the centre of the cireuniHcribed circle ? A ns, 66|^. 

3. If m, fi denote the number of minutes in the stfxageilmal 
and centesimal measures of an angle ; prove //i : /u. : : 27 : 50. In 
the same case, if ff denote the seconds, prove siffiiBt : 250. 

4. The sum of two angles is He/, and their difference iK . 

Find each angle. Am. 45 *, 27^, 

5. How many degrees does a sitle of a regular octagon sub- 
tend at any point of the circumscribed circle ? Am. 22|'b 

If the number of the sides of two regular polygons be as 
m t ?f, and the number of grades iti an angle of one eejuad to 
the number of degrees in an angle of the other ; |>rove 

20 18 

*« ■ W I. . 

m n 

7, Hence show that there are it pairs of regular polygons 
which satisfy the condition, that the numiujr of grades in an 
angle of one is equal to the numlK?r of degrees In an angle of' 
the other. 

Am, The following are the corrcs|Kindirig values #f m 
and 5» 6 ; 8, 12; lo, i8; ti, 22; 12,27; 
Hf 42; ^Sf 54? 7^1 *7, Wi; iS, ibs; 

342- 

6. The Clrewlar WrnmrnM. 

Dir I* — A umi €mk is me mkmi mdim is iki apiii 

Umar mMsun* 

Dbf. h-— J 5 k unif of cirmlar mmmn is the mgk ai 
iki cmire of tki unii eirck subimiii bjf m arc of mnii 
Imgih. 

7* In a mnii circk any angle ai ihi cmin is 
ihi mmi qmftiiiy which ixprmm ike Imgik §f ike 
am 

BZ 
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DEFINITIONS. 


Dem. — Let AC be any arc, and denoting its length 
by and the correspond- 
ing central angle AOC by 
A ; then, if A OB be the an- 
gular unit, since angles at 
the centre are proportional 
to the arcs on which they 
stand (Euc. VI. xxxiii.), 
we have 

AOC : AOB : : arc AC : arc AB, 
or A : j :: a : I. 

Hence A - a, (q. e. d.) 

The use of the unit circle in Plane Trigonometry very much 
simplifies the definitions. In employing it I have followed the 
analogy of Spherical Trigonometry, in which the great circles 
are described on a unit sphere. 

8 . The circular measure of the angle subtended at the 
centre of a circle of radius r, hy an arc whose length is 

. a 
a, IS 

r 

Bern. — Let Xj X' be two 
circles, whose radii arer 
and I ; AC, A’C' two cor 
responding arcs ; then, since 
arcs subtended by equal 
angles at the centres of dif- 
ferent circles are propor- 
tional to the radii of the circles (Euc. VI. xx., 
Ex. 12), we have 

OA : OA' :: AC : AV^ 




DEFINITIONS. 
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or ri 1 :: a •. A^C’\ 

therefore A'C' -- ; 

r 

but A'C' is the circular measure of the angle AOC- 

Hence — is its circular measure. 
r 

9. Comparison of the l§iexagesimal and 
Circular Methods. 

If TT denote the ratio of the circumference of 
a circle to its diameter, then (Euc., note G) 
TT = 3.1415926, and 2x will be the arithmetical 
measure of the circumference of the unit circle. 
Hence, because the circumference of a circle sub- 
tends four right angles at its centre, 27 r is the cir- 
cular measure of four right angles; that is, four 
right angles in sexagesimal measure are equal to 
27 r angular units. 

Cor. I. — The number of seconds in the angular unit 
is 206,265, nearly. For, let x denote the number of 
seconds in one unit of circular measure, then zttx is 
the number of seconds in 27 r units ; that is, in four 
right angles* Hence 

%Ttx = 360 . 60 . 60 = 1296000; 

therefore x-^ 206265 nearly. 

Cor. 2. — If a denote the length of an arc of a 

circle, and r the radius ; then - is the circular mea- 

r a 

sure of the corresponding angle. Hence (206265) - 

is the number of seconds in it. 
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DEFINITIONS. 


Exercises. — II. 

1 . Find the circular measure of the following angles : — 

1st. A right angle ; 2nd, an angle of 135° ; 3rd, 45° ; 4th, 60° 

5th, 75°; 6th, 11° 15'; 7th, 67I®; 8th, 15°. 

^ “TT ^ 3’*' . . S'”* . ^ 

* 2 ’ 4 ' 4' 3 ' 12 ' 16 ' S' 12* 

2. Find the circular measure — ist, of the angle of a regular 

pentagon ; and, the angle of a regular octagon ; 3rd, the angle 
of a regular dodecagon. 27 r tt rr 

72J. 5 , g. 

3. Prove that the number of French minutes in the angular 
unit is 6366.2. 

4. Prof. Airy has found that the earth’s semidiameter, which, 
is 3963 miles, subtends at the moon an angle of 57'' 3". 16, 
Find the moon’s distance. 

"With the centre of the moon as centre, and the earths dis- 
tance as radius, describe a circle ; then, if r denote the radius 
of this circle, we have (Cor, 2) 

(206265) = 3423.16. 

Hence r ^ 238793 miles. 

5. The moon’s diameter subtends at the earth an angle of 
1868''. Find her diameter in mUes. 

Let X be the moon’s diameter, then we have (Car. 2) 

206265 . — ^ — = 1868. 

238793 

Hence, x = 2152 miles. 

6. It has been found, by the transit of Venus in 1882, that 
tlie earth’s semidiameter subtends an angle of 8".82 at the sun* 
Find the sun’s distance. 

If JT be the distance, we have (Cor. 2) 

206265 . = 8.82. 

Hence, x = 92678844 miles. 

7. Find the length of an arc of 10'' on the unit circle. 

Am. .0000484S. 

8. The angles of a triangle are in AF, and the number of 

degrees in the common differaice : circular measure of the 
greatest : : 60 : tt. Find the angles. Ans. 30*, 60% 90*^. 


DEFINITIONS. 
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QUESTIONS FOR EXAMINATION/ 

t. What are the subject matters of Mathematics ? 

Ans. Quantitie.s or things that can be numbered, weighed, 
or measured. 

2. How are Mathematics divided ? 

Ans, Each branch deals with a separate kind of f|uari- 
tity. 

3. What is Trigonometry occupietl with r 

Ans, Primarily with calculations relating to triangles, 

4. What is meant by the numerical measure of any quantity f 

Ans, The ratio which It hears to the unit of that quan- 
tity. 

5. What is meant by the unit of any quantity ? 

Ans. A certain portion of it which is, by conferitloii, 
adopted as the standard for tneaswring with* 

6. What is the unit of linear measure ? 

Ans, In these countries the foot ; in France flu* inrtrr, 

See, 

7. How many methods of measuring anglcfi are in me f 

Am. Two : the ntJEagestmah the unit of whkii k tlie 
de^ee ; and the circular iiieliiod, lliii wait of 
which m called the iingular iinit. 

S, What is meant by a unit drcle ? 

Am, A, circle whose radius is unify. 


DEFINITIONS. 


9. What is the angular unit ? 

Ans, The angle subtended at the centre of the unit 
circle by an arc, whose length, if straightened, 
would be equal to the unit of linear measure. 

10. What is the circular measure of any angle equal to ? 

Ans. The length of the unit circle by which it is sub- 
tended. 

11. If the circle be not a unit circle, what is the circular 

measure expressed by ? 

Ans. The ratio of the length of its subtended arc to 
the radius of the circle. 

12. What does the Greek letter t denote in Trigonometry ? 

Ans. The ratio of the circumference of a circle to its 
diameter. 

13. What is the numerical value of ir ? 

Ans. 3.1415926 . . . 

14. What is meant by saying ir is incommensurable ? 

Ans. That it cannot be expressed as the ratio of any 
two whole numbers. 

15. What special angle does ~ denote ? 

Ans. A right angle. The meaning is, that ~ angular 
units is equal to a right angle, 

16. Ill what measurement of angles is ir always used ? 

Ans. In circular measure. 



CHAPTER II. 

DIRECT CIRCULAR FUNCTIONS. 


Section L — Circular Functions of Acute Angles^ 


lo. liABC be a right-angled triangle, having the 
angle ACB right ; then, 
denoting the angles by 
the capital letters Ay 
By Cy respectively, and 
the three sides opposite 
these angles by the cor- 
responding small italics, ^ 
a, h, Cy we have the fol- 
lowing definitions : — 



sine Ay 

contracted into sin .4 = -. 

r 

(0 

cosine^, 


cos A = -r. 

C 

( 2 ) 

tangent Ay 

11 

a 

tan A = y. 
b 

(3) 

cotangent .4, 

11 

. , 

cot -4 ~ 

cc 

(+) 

secant Ay 

11 

sec A = r* 
b 

(5) 

cosecant A, 

It 

cosec .4 = 

a 

(6) 


The student should carefully commit to memory 
foregoing equations or definitions, as upon them 
is founded the whole theory of Trigonometry. 
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DIRECT CIRCULAR FUNCTIONS. 


Exercises. — III. 


Calculate the circular functions, sine, cosine, &c., of the 
angle A in the right-angled triangles whose sides are respec- 
tively equal to— 1°. 8, 15, 17 ; 2°. 40, 9, 41 ; 3°. 196, 315, 371 ; 
4°. 480, 31, 481; 5°. 1700, 945, 1945; 440? 279, 521; 

7°. 240, 782, 818. 


Ans. 1°. sin^ 


tan .4 


40 


8 

17' 


O 40 

tmA — — , &c. ; 2®. sin^ = — 

15 41 

28 . .28 


, &c. ; 3°. sin^ = ^, tan^ = ^, &c. 


45 


340 


4®. sin A =^, tan^= 4 ^, &c.; 5°. sin^ =^“, 
^ 481’ 480’ ^ 389' 

tan^ = 3 ^ &c.; 6®. sin ./4 = — , tan -4 = — ,&c.7 
i8q' ’ w 270* 


^ . 120 ^ . 120 - 

7 ®. sm.^ = — , tan.^4 = — , &c. 
409 391’ 


II. By adding the sum of the squares of equa- 
tions (i), (2), we get 

(z^ 4. 32 

sin* -4 + cos*^ = — -j— = I. (Euc. I. xlvii.) 
* Hence sin^*^ + cos*^ = i. ( 7 ) 


Again, squaring equation (3), and adding i to both sides, we 
get 

^ cfi 


I + tan® A = 1 + :— = ■ 


and jfrom (5) we get 


sec^A = 




Hence i -f tan®^ = sec® - 4 . (8) 

In ^cactly the same way, from equations (4) and (6), we get 
I + cot ® -4 = cosec® (9) 

Also, taking the products of the three pairs of equations, 
(i) and (6); (2) and (5); (3) and (4), we get the three equa- 
tions 

sin -4 . cosec A = i, 
cos -4 . sec.4 = I, 
tan ^ . cot ^ = X, 


(10) 

(i‘) 

(12) 



CIRCULAR FUNCTIONS OF ACUTE ANGLES, ir 


Hence the three functions, cosec A, sec A, cot A, are the 
reciprocals of the three functions sin^, cos A, tan A, respec- 
tively. 


Again, dividing (r) by (2), and comparing with (3), we get 


^ . sin A 

tan A = 

cos A 

(n) 

^ ^ cos A 
cot A = . 

. sin^ 

(14) 


Exercises.— IV. 

In a right-angled triangle, given — 


I. 


2. 


3 - 


4 - 


5 - 


6 . 


7 - 


S. 

9. 


a = n% 

b — '^2mn^ calculate sin^. 

a = 2 mn^ 

, 

Ans. . 

m -t-n 

b ssm^ ^ calculate cos A. 

a => — 2 .mn, 

. 

Am. — . 

m 

b :=n, calculate sec A. 

a = V/w'-i 4- 

. m — n 

Am. — . 

n 

c=:m-^nj calculate tan A. 

a=^+pq. 

+ mn 

Ans. J — - — .. 
> mn + m 

c:=q^ calculate cot A. 

i! 

r 

Am. 

P 

c ssln-^m, calculate cosec A. 

smA =:^, 

5 

cos ^ = .44, 

Am. /—---—r-- 

vm — 

c == 200.5, calculate a. 

Am. 120.3, 

^ = 30.5, calculate b. 

4 . ^ II 

tan ^ = — , 
a * 

Am. 13.420, 

27 

^ calculate -c. 
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DIRECT CIRCULAR FUNCTIC 


Def. — The difference between an anglt 
etngle is called its complement, 

12, If in the right-angled triangle A 
we interchange the letters, we get fror 
lowing equation : — 

b b 

sin B = - \ but cos A — - fro 

Hence ^ ^ 

cos A=sinB; hut B is the compler 

Therefore the cosine of an angle is eqt 
of its complement. 

Similarly, the sine of an angle is equal i 
its complement. 

The tangent of an angle is equal to th 
its complement. 

The secant of an angle is equal to the 
complement. 

The cotangent of an angle is equal to . 
its complement. 

The cosecant of an angle is equal to th 
aomplement. 

Exercises. — ^V. 

i. Prove tan A sm A + cos A = sec A. 

z. ,, {sin A + cos A) — (sec A + cosec A \ 

3 . , , cot A cos A + sin A = cosecA. 

4 . „ (tan A - sin-4)! + (i - cos A)^ = (s 

5 . ,, (sin A + tan -4) -r (cot -4 + cosec A 

6. „ tan A 4- cot A ^ me A cosec A . . 

7 . „ (I - tan Af + (I - cot Af * (sec ^ 

O 

” i+cos-4'i + c^-<! 

9. „ (t + tan A) (i 4 cot A] =» (sin 

sin^ cos A. 

* 0 . „ (14 tan Af 4 (i 4 cot = (sec -s 



CTRCITLAR FUNCTIONS OF ACirrF AXCiLFS. tj 


13. draiillieal Metliod of liniliiig all flir 
Trigowioiiaetrleal Fuuetloiis wliea one Iti 
^iven. 

This method will be understood from the follow- 
ing examples : — 

Ex. I . — To express all the cirmlar functions §f an 
angle in terms of its sine, 

SoL — Denoting the sine by s^ construct a right- 
angled triangle ABC^ 
having the hypotenuse 
AB^ I, the side BC^s; 

then 

BC^AB='~^s; 

I 

but BC ^BA^%mA, 

Hence sin A ^ s. 



Again, A CP A IP - BCP i ^ P ; 


therefore AC » s/i 

but cos A » 

AB 

Hence cos A » 

BC 

Again^ Ian A » -r^, 

AB 

Hence tan^^ —1— !»Lil ■ 

■v/ 1 - 4* -v/ 1 - sin*^ ' 

and so on for the other functions. 

Ex. * — To express all the cirmksr fumtkm in terms 
of tangent. 
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DIRECT CIRCULAR FUNCTIONS. 


■ 


ih 


SoL — Denoting the tangent by /, construct a right- 
angled triangle ABC, 
having the side AC - i, 
the side CB = / ; then 

BC ^AC = t^i^t\ 
but 


BC i- AC = tan A^; 



therefore 

Again, 

Hence 

Now, 


tan A = /. 

AB^ ^ AC^ BC^ ^ I +/». 


AB= A/i + tl 
BC 


sin .4 = 


AB ’ 


therefore sin = 


tani 4 


Also, 


\/i + /* -v/ 1 *1” tan * .4 


cos -4 


AC __ I i_ 

AB ~ -/i +> ” yr+tan'*^ 


&C. 


Observation , — ^In these constructions it is seen that the func- 
tion which is given is* put as a fraction whose denominator h 

s . t 

unity. Thus, in Ex. i, sin.4 = - ; and in Ex. 2 , tan^ = — . 


Exercises. — ^VL 
12 


Given sin.4 =s — , calculate cos A, 


13 


Am, COB A : 


13 


2 . 


tan^ s= 1, calculate m.A, 

3 

4 

Ans, m A « 
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Given sin-'i = „ calculate tan 

m- 4 «“ 

. . 2 m 

Alls, tan A - * - 


cosec A ~ 5, calculate sec A, tan A, 

. ^ , r 

Alts, sec^i ss tan^ » 


2 s /6 


2V6 


41 


sec -4 = — , calculate sin^, cot^. 
9 


Ans, sin A « • cot A ^ 

41” 40 

8 

6. *, cot Ass calculate sec , /, sin A . 

^5 

Alls, sec A « J 1 Hint’ll « — - « 
8 17 

Section II. — Cakulaiion of IbghtHtngkd'fnangks, 

14. If the equations ( I ), (2) be cleared of frac- 
tions, we get a Bin h » c cob A. (15) 

/fence any side of a right-angled triangle is equal to the 
hypotenuse mulliplied by the sine of the (ipposik angk^ 
or by the cosine of the adjacent angle. 

Again, from equation (3) we get 
a mb tan A ; 

or, by Art. 12, b cot B. (16) 

IfcMce, any side of a righkangkd triangle is equal to 
the other mde muttiplied by the tangent of the oppasiti 
angk^ or ike cotangent of the adjacent angle. 

1 5 . There are four cases of right-angled Irianglei— 

I. Given the hypotenuse and one side. 

II. „ the hypotenuse and one angle. 

HI. „ one side and either angle. 

rr. „ two sides* 
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Case I . — Given c and it is 

From equation (i), 

. A ^ 

Sin A = — 
c 

Hence A may be found from 
B, which is the complement of 
h can be calculated from the ecl’* 

Exercises.-— 

1. Given c » 240 yards, a =» 137.6^ 

Ans, A = 

2. „ 150 yards, « = 51.303 

Ans. A =» 

3. „ ^ = 250 yards, = 157.33 

Ans. A ^ 

Case n . — Given c and A, to 
From Art. 14, 

a^c sin.^ 4 , I »= < 

Hence h are found, and tbie 
plement of A. 

Exercises.— 

I • Given ^=1760, .4«32% 1 

Am», . i 

2. „ cm 6-25, A m 44®, 

c m 300, A » 52*, 1 

Ams^ 


3 - 
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Case III. — Given a and A, it is reeiuired to find 
b, c, B. 


By Art. 

14, a-h tan^. 

Hence 

h - a cot A, 

and 

a - c sin.^4. 

Hence 

a 

c = 

sm ^ 


1 

0 

0 

O' 

II 


Exercises. — IX. 

1, Given 

2. „ 

3 * >> 

a = 520, A = 36% find b, c, B. 

Ans, = 715.72 ; = 884.676. 

a = 4340, A = 32% find h, c, B. 

Ans. ^ = 6945.45; (? = 8189.927. 
a = 2160, A ~ 30% find c, B. 

Ans. h =s 3741.23 ; c == 4320. 

Case IV. — Given a and h, it is required to find 
c'^ A, B. 

By Art. 

14, tan A = 

0 ' 

HEence A can be calculated, and 


B=:go°-A, 

and 

€ = 4 - P. 


Exercises. — X. 

t. Given 

a = 300.43, b = 500, find A, B, c. 

Ans. =s 3t® ; =: 59*’. 

2. ,, 

3 * >> 

a = 840.25, b = 1200, find A, B, c. 

Ans. 

a = 225.1, b = 250, find B, c. 


Ans. ss 42® ; Bts 48®. 


C 
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QUES770NS FOR EXAM/NA770Fr. 

1 . How many parts in a triangle ? 

Ans. Six, namely, three sides and three angles. 

2. How are they denoted by letters ? 

Ans. The three angles by the capital letters A, A, C\ 
and the sides opposite them by the corresixmd- 
ing small letters. 

3. If the triangle be right-angled, by what letters is the right 

angle denoted ? 

Ans. By the capital T, and the hypotenuse by c. 

4. Name the direct circular functions of an angle. 

Ans. Sine, cosine, tangent, cotangent, secant, and 
cosecant. 

5. Name the circular functions which are reciprocals of others, 

Ans. The cosecant is the reciprocal of sine, the necant 
of cosine, and the cotangent of tangent, 

6. What is meant by the complement of an angle ? 

Ans. See page 12, 

7. What is the relation between the functions of aa angle 

and the functions of its complement ? 

Am. The cosine of an angle is equal to the iine of ii% 
complement ; the cotangent of an angle ii cqiirf. 
to the tangent of its complement ; and Ihf co* 
secant equal to the secant of Hi compitBicnl, 

S. 'WTmt is the preix ^ co ^ in their techiiictl termi i mm* 
traction of? 

Am. A contraction of coaiple».titt. 11 w% mmm 
means complement iia. 
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Section II . — General Definitions of Circular 
Functions. 

16. Before commencing the general theory of 
circular functions, it is necessary to explain the con- 
ventional use of the signs and minus in Trigo- 
nometry. The application is twofold, namely, to 
right lines and arcs of circles. 

1°. Application to right lines. 

Let two perpendicular right lines AA\ BB' inter- 
sect in the point O, which is the origin from which 
all lines are measured ; then every distance measured 



on A' A to the right of O, such as OP^ is positive, 
or + ; those to the left, such as OP\ arejnegative, 
or Again, a line measured parallel to BB' is posi- 
tive, or +, if it lie above A'A^ such as iW, P'M'; 
negative, or -, if below, such as iW", P'lSF, 
Application to arcs of circles. 

Let a fixed point A on the unit circle be taken as 
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the origin from which all arcs are measured ; then^ 
if we agree to consider an 
arc described by a variable 
point Py moving in the di- 
rection indicated by the 

arrow as positive, an arc |A 

described by a point start- 
ing from A, and moving in 
the opposite direction, must 
be regarded as negative. 


r/ 



0 j 


17. Gfeneral Expression for Ares terminat- 
ing in the same Point. 

If the variable point starting from A describe the 
entire circumference of the unit circle n times in 
either direction, and afterwards describe once the 
arc AP^ which we shall denote by 0, it is evident 
that the whole arc described by the point from the 
commencement of the motion is zmr + where n is 
positive or negative according to the direction of 
motion while the point is describing the n circum- 
ferences. Hence we have the following theorem: — 
If the arc AP he denoted ly and n he any integer^ 
positive or negative, znir + 0 is the general expression 
for all arcs terminating in the point P, 

Def. I. — The four parts into which the perpendicular 
diameters AA' , BB' divide the circumference of a circle 
are called quadrants. The quadrants are named the 
firsts second, third, fourth, respectively . 

TT 

Def. II.*— 7^^? arcs whose sum is are said to he COM- 

.2 

PLEMENTTS <f each other; and two arcs whose sum is v 
are said to he supplemeots. 

From these definitions it follows that, if an arc be 
greater than a quadrant, its complement is negative ; 
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and if greater than a semicircle, its supplement is 
negative. 

18. lie£iiiitloiis oftlie Circular Fauctioui^. 

Let OA, OB (figs, i, 2, 3, 4) be two rectangular 
radii of the unit circle ; P any point in the circum- 
ference ; join OPy and produce it to meet the tan- 
gents to the circle at A and JB in the points and 



.S' ; at P draw a tangent to the circle, meeting OA, 
OB produced in the points K; lastly, from P 
draw PM, PM perpendicular to OA, OB, If 0 de- 
note the arc AP, then 

PM is called the sine of the arc 6 ^ contracted into 
sin 
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OM is called the cosine of the arc contracted 
into cos B, 

^7" is called the tangent of the arc B, contracted 
into tan B. 

BS is called the cotangent of the arc B, contracted 
into cot B. 

OJ is called the secant of the arc B^ contracted into 
sec B, 

OK is called the cosecant of the arc contracted 
into cosec B. 

MA is called the versed sine of the arc B, con- 
tracted into versin B. 

NB is called the coversed sine of the arc B^ con- 
tracted into coversin B. 

The circular functions called versed sine and coversed sine 
are not much used, and the student may omit them. 

19. Since (6) any arc is the measure of the cor- 
responding central angle, the foregoing functions of 
the arc B are also functions of the angle B, and are 
expressed by the same notation. In the following 
verbal enunciations what is meant by a line is its 
arithmetical measure ; that is, the ratio of its length 
to the linear unit : — 

1°, The sine of an arc is the perpendicular drcmfi 
from its extremity on the diameter which passes through 
the origin. 

2°. The tangent of an arc is the line drawn touching 
it at the origin, and terminated by the diameter passing 
through its extremity , 

3°. The secant of an arc is the portion of the diameter 
passing through the origin intercepted between the centre 
and the tangent at the extremity of the arc, '' 
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4®. Since the lines PN or OM, BS, and OJ are 
respectively the sine, tangent, and secant of the arc 
BP, which (11. Def. ii.) is the complement of AP, 
we see that the cosme^ the cotangent, and the cosecant of 
an arc are respectively the sine, the tangent, and the 
secant of its complement. 

It is easy to see that this method of defining the circular 
functions of an angle is equivalent to that of Art. ro, when the 
angle is acute. For if the angle POM (fig. i) be equal to the 
angle BAC (fig., Art. 10), the triangles POM BAC are equi- 
angular. Hence BC AB ^ PM ^ OP; but PM -f OP is the 
arithmetical measure of PM, since OP is the linear unit. Hence 
BC -f* AB is equal to the arithmetical value of PM, and there- 
fore both methods of defining the sine are equivalent ; and the 
same may be shown for the other circular functions. 

The method by the right-angled triangle, however, is inap- 
plicable to any but acute angles, without an embarrassing 
amount of explanation. 

20. Relation between the Circular Fune- 
ttona of an Angle. 

Let ^ represent the positive ^rcAP{figs. 1,2, 3,4); 
then we have 

OP - I, sin^ = PM, cos 61 = OM, sec 61 = OT, 
cosec 0 = OK^ tan Q - AT, cot B = BS. 

And since the triangle OMP is right-angled, we 
have 

PM'^ -f OM^ = OP^. 

Hence sin^^ + cos®^ = x. {Comp. 7.) (17) 

Also, since the triangles OPJ, OPK are right- 
angled, and PM, PA are perpendiculars, we have 
(Euc. VL, vm.) 

ON.OK^ 0P\ CM . OJ = 0 P\ 
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Therefore sin 6 . cosec 0 = i, {Comp, lo.), (i8) 

and cos^.sec^=i. {Comp, {i(^^ 

Lastly, from the pairs of similar triangles TAG, 
PMO ; SBO, PNG, we have 

pS NP 
OA 0 P‘^ ON' 


therefore 

and 


tan 0 = 
cot 6? = 


Sllx . 


cos^' 

cos^ 
sin O' 

From (20) and 21) we get 

tan^ cotO= I. 

From (18) we have 



cosec 0 = : 

sm 0 

(19) 

„ sec^ 

cosO 

(22) 

„ cot 6 =r—a- 

tan 0 


Again, from (2o)/we have 


I + tan* 0 = j + 


sin* 0 


Hence 


cos* 0 cos* 0 ' 
I + tan* ^ =5 sec* 0 ; 


(20) 

(zi) 

(22) 

(23) 

(24) 

(*S) 

(26) 


or thus : the triangles GPP md GA T Ere equal in 
every respect. Hence 

GJ^,^GT\-^ OA'^ + AT^; 

therefore sec* ^ = i + tan* 
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In the same manner, from the triangles OPK^ 
OBS we have 

OK^ = OS'^ =^OB^ + BS\ 
or cosec* ^ = i + cot*^. (27) 

Lastly, MA^OA- OM; NB^OB-- ON, 
or versin ^ = I - cos ^ ; coversin ^ = i - sin (28) 

21. Variations of l§ign and Magnitude of 
tbe Circular Functions. 

Sine and Cosecant. — From the figures 1,2, 3, 4, 
of Art. 18, it is evident that the sine is positive in the 
first and second quadrants, and negative in the third 
and fourth ; also that in the first quadrant it increases 
from o to I, and in the second decreases from i to 0 ; 
in the third decreases from o to - i, and increases 
in the fourth from - i to 0. Hence the greatest 
positive and negative values are + i and - i respec- 
tively. Again, since from (18) 

sin 0 . cosec 0 = r,"' 

cosec^ and sin B will be both positive or both nega- 
tive at the same time. Hence cosec B is positive in 
the first and second quadrants, and negative in the 
third and fourth. 

2®. Cosine and Secant. — ^These functions are evi- 
dently positive in the first and fourth quadrants, and 
negative in the second and third ; also the cosine 
varies from + i to - i . 

3°. Tc^ngent and Cotangent. — Since 
tan 6! = sin ^ 4 cos B, 
and cot B = cos B ~ sin B, 


26 DIRECT CIRCULAR FUNCTIONS. 

it is evident that these functions will be positive or 
negative^ according as sin 0 and cos ^ have like or un- 
like signs. Hence tangent and cotangent are positive 
both in the first and third quadrants, and negative 
in the second and fourth : — 


Quadrant, 

I. 

II. 

III. 

IV. 

Sine and Cosecant, . 

+ 

+ 

- 

- 

Cosine and Secant, . 

+ 

- 

- 

-f 

Tangent and Cotangent, . 


- 

+ 

- 


22. Periodicity of* tlie Circular Functions* 

If B be any arc, tt + ^ is the arc which terminates 
at the point on the unit circle which is diametrically 


opposite to 6. 

Hence from the diagram 

we see that 


sin (tt + ~ sin ^ ; 

(29) 


cos (tt + 0) — — cos 0 ; 

(30) 

therefore 

tan (tt B) = tan B, 

(31) 

and 

cot (tt -h B) = cot B. 

(3*) 

The functions tan B, cot 0^ therefore. 

do not alter 


when ^ is increased by tt; or in other words, the 
circular functions tan 0, cot B are periodic^ and the 
amplitude of their period is tc. Again, in like manner, 
we may increase the arc ^ ^ by tt, without altering 

either the tangent or cotangent, and so on as often 
as we please. Hence 

tan B ^ tan {pnc + 
cot # = cot + #), 


(| 3 ) 

( 3 +) 
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where n denotes any integer, either positive or nega- 
tive. 

Again, the sin, cos, sec, and cosec of an arc de- 
pend only on the positions of its origin and extre- 
mity ; and it has been seen (Art. 17) that ^ is 

the general expression for all arcs terminating in the 
same point. Hence 


sin 0 = sin {zmr + O'), 

( 35 ) 

cos 0 - cos {znir + 0 ), 

(36) 

sec 0 = sec {zmr -f 0 ), 

(37) 

cosec 0 = cosec (2^7r + &), 

(38) 


where n denotes any integer, positive or negative. 

Hence ihe four functions, sin, cos, sec, cosec, are peri- 
odic, and the amplitude of each period is 

23. Circular Fiiiietiotig( oCMegativc Angles. 

Let the arc AP on the unit circle be denoted by 0 ; 
then, if the line PM be 
produced until it meet the 
circle again on the nega- 
tive side of AA' in P', it 
is evident that the angle 
AOP* is equal to AOP-, 
but, being measured in 
the opposite direction, it 
has (Art. 16, 2^) a con- 
trary sign. Hence it must be denoted by - $, 

Again, since MF, MP' are measured in opposite 
directions, they have contrary signs. Hence 

MF'^-MF; 

but MP = sin 0 , MP' = sin (~ Q ) ; 
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therefore sin (- ^) = -• sin ( 39 ) 

Hence^ if two arcs or angles be equal in magnitude, 
hut have contrary signs, their sines are equal in magni- 
tude, and have opposite signs. 

Again, the line OM is the cosine of the arc AP, 
and also the cosine of the arc AP' • Hence 

cos (~ 0 ) = cos B, (40) 

Therefore, if two arcs differ only in sign, their cosines 
are identical. 

From the equations (39), (40) we infer also that 
the tangent, cotangent, and cosecant change signs when 
the angle changes, but that the secant remains unal- 
tered, 

24. Circular Fuuctious of Supplemental 
Angles. 

Since sin (7r.+ 0 ) = - sin B (equation 29), 

then, changing B into — B, we get, from Art. 23, 

sin(^- 6 >) = sin^; (4O 

but Tt - B and B are supplements, since their sum is 
TT. Hence the sines, and therefore the cosecants, of two 
supplemental angles are equal. 

Again, from equation (30), we have 

cos (tt + - cos B ; 

and changing B into B, we get, from Art. 23, 

cos (tt — — cos (4^) 
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Hence /ke cosines, and therefore the se.eanis, of two 
supplemental angles are eqteal in magnitude, hut have 
contrary signs. 

Cor. I. — By dividing equations (41), (42) I^yencli 
other, we see tliat the tangents, and therefore the cotan- 
gents, of two supplemental angles arc equal in magni- 
tude, but have contrary signs. 

Cor. 2. — From equations (aq), (41), we infer that 

sin (tt t (?) as ? sin ^ ; 

and since the sine is a periodic fiinclion with an 
amplitude 27 r, we get 

sin {(221 -f i) 7 r i 0 ) m I sin 0 , (43) 

In like manner, 

cos {(222+ l) 7 r i 6 ] « ixm 0 , (44) 
and tan (/itt t t tan. (?. ( 4 S) 
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6 . 

7 - 

8 . 

9 - 

10 . 


cot^A 


cot^B s 


sin® B — sin^ A 
sia2 A . sin^ B ’ 


, I + cos 0 

(cot e + cosec d)^ = . 

I — cos d 

cosec^ e + cot^ d s 1 + 2 cot^ 0 . cosec® e. 

sin 0 (i + tan 0) + cos 0 (i + cot 0) s~ sec 0 4* cosec 0. 

sin 0 (cos 0 4- sin 0 . tan 0) 4 cos 0 (sin 6 4 cos 0 . tan 0) 

s tan 0 4 cot 0- 


II. 142 (sin® 0 4 cos® 0) s 3 (sin* 0 4 cos* 0). 


tan* I Vsec^e-i 

12. Sin0s^/ s • 

V I 4 tan^ 0 V I 4 cot® 0 sec 0 


^ ^ Vcosec® 0—1 

I^, cos 0 s , 1:1:: s " ' ' ■ s , 

Vi 4 cot® 0 V I 4 tan® 0 cosec 0 

sin 0 Vi— cos® 0 ^ 

14. tan 0 s , r-^ s — s ! . 

Vi - sm® 0 cos 0 Vcosec® 0 — i 

15. Prove by a construction that the secant of an angle in tlie 
first quadrant is greater than the tangent, and the cosecant 
greater than the cotangent. 

r6. Construct an angle — i®, whose cosecant is = 2 ; 
2®, whose cosine is iequal to half the sine ; 3°, whose sine is f of 
the tangent, 

17. Prove, by means of a construction, that 2 sin a is greater 
than sin 2a. 

18. What must be the magnitude of a, if sin o be half the side 
of a regular polygon of n ades inscribed in the unijt drde ? 

19. Prove, by means of a constraction: — 

I®, (tan a - sin a)® 4 (I — cos «)® =s (sec o - l)® ; 

2®. (cosec a — sec a)® — (I — tan a)® 4 (cot a — i)®. 
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QUESTIONS FOR EXAM/NA 710 N 

I. What functions decreage in the fir«t quadrant while the 
angle increases ? 

l', Ans. The coh, cosec, cot. 

I 2. Wliat functions decrease in the secorttl quadrant {in abso- 

C; lute magnitude, without res|>ect to sign) while tilt.* 

; / angle increases ? 

Ans. The sin, tan, sec. 

3. Name the circular functions that arepoiltive hi the stwiid, 

third, and fourth quadrants respectively. 

' =5' Am. See page 26. 

4. What functions have the same values for negative anghm 

as for the corresponding positive angles ? 

Am* The cos and sec. 

5. What functions have the same valuei for an angle? and 

supplement ? What functions have the »mm mlm% 
with contrary signs ? 

Am. t*". The sin and, cc^*c ; 2**. coi, sec, tm, and mi. 

6. State the relations between the drcnlar ftiiictiaiii of two 

angles whose sum is four right aff lei. 

Ans* They are^’equal, 

7. What is meant by the' statement^ timt circttlar fasetioos 

are. periodic? 

Ans. That tht-ir values remiiia ttnaltcred if tht iiigl# fit 

S What circular 
Ans. The t 

9. Whatcirculaa 
Am. TheJii 




DIRECT CIRCULAR FUNCTIONS. 


32 


10. Simplify the following expressions : — 

1°. a cos (90 - a) + ^ cos (90 + a) . 

2®. sin a) cos (90 - a). 

3®. {a — b) tan (90 — «)+(« + 5 ) cot (90 -j- a). 
sin a . tan (180 + a) 


4 - 


{d^ — 1)^) cot (‘jr 


tan a . cos (90 — o) 


6®. 


cos (ir + a) cot (tt — a) 

t ( I 4. cos ^ sin — a) - cos + aj 


cos (7r+ a) 


sin (tt + a) 


ri. Transform the following expressions into others which 
win contain only sin a: — 



tan a 

cot a 


sm a cos^ a + 



cos a 

cos a . sin d 


cos a 

sin a 

2°. 

cosec a . sin a -1 r" " “ 

. _ — ^ 


cot a 

cos a 

3 °- 

tan® 0 + I — cosec® a 

+ 2 sin a cos 

4 °- 

sec® a — tan® a + cos® 

a — cot® a. 


12. Calculate the functions of the angle Q from the following 
equations : — 

I®. 9 inn^ 0 + 27 sin 0 != 10. Ans, sin 0 s= J. 

2°. cos 0 = 2 ~ 3 cos* B, Ans. cos 0 =» |. 


3®. 2 tan 0 + |cot 0 = 2 cot B. 

2 tan 0 -ft 2to0-i IG 

^ 2tan0~i 2 0 4-1 3 


Ans. tan 0 = 


Am. tan 0 =* ± i - 


^ 0 ^ 
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:NATURE AND USE OF LOGARITHMS. 

55 ‘ Pef.— 7%^ logarithm {contracted log) of a number 
s the power to which lo, called the hose, mmt he raised 
n order to produce the number. Thus : 


IO°= I, 
lO^ = 10, 
lO* = 100, . 

= 1000, 
lO^ = lOOOO, 
10 ® = 100000 , 


hence log i = o. 

„ log 10 = I. 

„ log 100 = 2. 

„ log 1000 = 3. 

„ log 10000 =4. 

>, log 100000 = 5^ <s^0. 


Theoretically, any number maybe used as base: thus if we 
ie 3, dnce 3* = 8r, file log of 81 is 4, and this is 

le base being put as a suffix. There are, however, onlv twd 
ises ^ployed, namely, 10, in pracfical applications, and ia 

lich is called the N^ieiian base, after Napier, the inventor of 
)gaixuims* 
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26. Properties ot liOgarltlinig. 


The principal object of logarithms is to facilitate 
calculation ; their great utility in doing so depends 
on the four following propositions : — 


1°. The log of the product of two numbers is equal to 
the sum of their logarithms. 

For, if m, n be the numbers, or, their logarithms, 
we have 

10^^ m, hence x « log m. 

10^ ^n, „ jf^logn. 

Again, since and 10^ by multiplica- 

tion we have 

10*+*^ as mn, or x « log mn ; 
but X ^logm •¥ log n ; 

therefore log mn « log m + log n. (46) 

2 °. The log of the quotient of two numbers is equal k 
the d0ermce ofthdr logarithms. 

For, retaining the same notation, we have, by divi- 
sion. 


therefore 


, m 


■ 


but ^-^•logjw-Iogw; 

m 

tbmrefore log » log m - log m (4^) 

_ %% ^fhe log of the sqmre rmto/a number is 
taMf^ half its logarithm § the log of the e^e mi ^ 
ie^i Me--ihM its logarithm^ kc. ' ' 
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For, as before, 10* = w; 


therefore 

fo^ = 


or 

^ = log ; 


but 

? = -J log m ; 


therefore 

log log m. 

(48) 

Similarly, 

log log m, &c. 


4°. The log of the square of a number is 

e^al to twice 

its logarithm ; 

the log of the cube of a number is equal to 

ihree times its logarithm^ &c. 


For, since 

10^ -m. 

fiV 


10^ = or 2x = \ogm^; 


but 

2X - 2 log m ; 


therefore 

log 2 log m. 

(49) 

Similarly, 

log ^ ^ log m, See. 



27. From Art. 25 we see that the log of 10 is 1, 
and the log of 100 is 2. Henoe the log of any nmm- 
ber between 10 and 100 — that is, the log of any 
nranber consisting of two digits — ^is greater than 
I and less than 2— that is, it is i and a decimaL 
Thns, the log of 54 is i*7323958. Similarly, the log 
of any number consisting of three digits is 2 and a 
decimal ; of four digits, 3 and a decimal, and so on. 
When the log of a nmnber consists of an integer 
' n 2- 
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and a decimal, the integer is called the character- 
istic of the logarithm, and the decimal the mantissa. 
Hence the characteristic of the log of a number is 
known from the number of digits in the number. 
Thus, the characteristic of the log of S45i2 is 4, 
because 54312 contains 5 digits. 

28. Suppose we consider any number, such aa 
67836, we hnd from the tables 

log 67836 « 4.83 14602. 

Now, if we divide 67836 in succession by 10, 100, 
1000, <&c., we diminish (Art. 26, 2^) its log by 
r, 2, 3, &c. Hence 

log 6783.6 = 3.8314602. 

log 678.36 « 2.8314602. 

log 67.836 = r. 83 14602, &c. 

From this example we see that if two numbers differ 
only in the position of the decimal point, their loga- 
rithms have the same mantissa, differing only in the 
characteristic. We also see that the characteristic 
is determined by the number of di^ts to the left of 
the decimal point. Thus, the characteristic of the 
log of 67.836 is i-- 4 bat is, it is the same as thv 
characteri^ic of the log of a number consisting of 
two digits, ^ Again, if we divide 67 J36 by 100, 1000, 
10,000, &c., we diminish the characteristic by 
2, 3, 4? Thus: 

log .67836 ttfJ|i4602. 

log .067836 ■»fJ|I460t, ' , ' ; 

log .0'<^7t|6 I J|i46oi, &:C., ■ 
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Here it is to be remarked that, when the character- 
istic of a log is negative, the sign minus is placed 
over it as above, and that the mantissa is always 
positive ; and we also see that, if a number is alto- 
gether decimal, its log has a negative characteristic. 

29. We will now exhibit the forms in which num- 
>ers and their logarithms are arranged in tables. In 
I^allefs and Babbage’s tables the logarithms of all 
lumbers from i to 108000 are inserted. 

I. — Form for Numbers from i to 1200. 


No. 

Logarithms. 

No. 

Logarithms. 

2 

3010300 

1041 

0174507 

3 

4771213 

1042 

0178677 

4 

6020600 

1043 

0182843 


[. — Form for Numbers from 1000 to 108,000. 

». 0 1 2 3 4 S 6 7 8 0 

' 



>0 

74^42 

6420 

0498 

6575 

; 6553 

6731 

6809 

6887 

6965 7042 

1 

7120 

7198 

7276' 

7354 

1 7431 

VS09 

7587 

766s 

7743 7$2I 

a 

7898 

7976 

S054 

8132 

; 8210 

i 

8287 

8365 

8443 

8521 8598 

' 

3 . 

1; B6f6 

8754 

8832 

8910 

! 8987 

906s 

9143 

922X 

9299 9376 
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j Form I. all the mantissae are given at full 

length, and it is only necessary to supply the cha- 
I racteristic. Thus, the log of the number 1042 is 

3.0178677, sinde the characteristic is 3. 
j In Form II., the first three figures of the mantissae 

being the same for all the numbers contained in 
it, they are inserted only in the first column, and 
Ji the rest are supplied according to the digits placed 

in vertical and horizontal rows: thus, for 55827 
we have corresponding to 2 in the ’vertical^ and to 7 
i in the horizontal row, the number 8443, which with 

1 746, which is common, gives .7468443 for the 

ji mantissa of 55827 ; and since it contains 5 figures to 

the left of the decimal point, the qharacteristic is 4-. 
;i Hence 

i; log 55827 =4.74684+3. 

•ij 

2 The numbers in the last row are called propor- 

>: tional parts, and are constructed as follows : — If we 

take the diiference between the logarithms of two con- 
secutive numbers given in Form II., such as 55814 
H and 55815, we get 78 ; and, if this be multiplied by 

.1, .2, .3, &c., we get the proportional parts 8, 16,. 
j 23, &c. The use of these is to find the logarithms 

of numbers of six or more places of figures. Thus,, 
to find the logarithm of 558346. 

Mow, the log of 55834 is 4.7468987 ; 

therefore log 558340 is 5.7468987. 

In like manner, 

i ^0$ 158350 ^ 5.7469065. 
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Now^ the difference of 55B350 and 558540 is lo* 
nd the difference of their logs is 78 ; also, the dif- 
jrence between the numbers 558540 and 558546 
; 6 ; and we find the corresponding difference of 
)gs by the proportion 

10 : 6 :: 78 147, 

nd therefore 47 added to the log of 558540 gives 
.7469054 as the log of 55S546 It will be seen that 
le table of proportional parts enables ns to abridgo 
le foregoing calculation. 


Exercises. — ^XIL 

1. Required the product of 1200 and 4.5, 

log (1200 X 4.5) » log 1200 + log 4.5 « 5.0791S12 + *6512125 ; 

lerefore tog (1200 x 4.5) » 5.7325W* 

:euce, finding In the table# the number corresponding to thi^ 
g, the product of 

1200 X 4.5 » 5400. 

2. Given log 2 w 5010500, find log tsB, 512, 5,2. 

5. „ tof 5» 4771215, find log Sr, 2187,145. 

4. „ tog 7 « .8450980, i,tid log 343, 2401, li.lof . 

5* C^kte the toftrfthms of the followiiif numhew, fwaling 

m of those In Bitreiie# 2, 5, 4 

I®. 20756, 432, 9% «6, 1.72%' .356. 

2**. 42I, 686*, 6|i, 3pl, 1701I,, 

f , € i , . (. 0 $% .0004**, 
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QUESTIONS FOR EXAMINATION, 

1. What is the logarithm of a number ? 

2. How many systems of logarithms are in use ? 

Ans, Two : common and Napierian logarithms. 

3. What is the characteristic of a logarithm ? What is the 

mantissa ? • 

4. What numbers are they whose logarithms have a common 

mantissa ? 

Ans. Numbers consisting of the same digits, and differ- 
ing only in the position of the decimal point. 

5'. What numbers are they whose logarithms have a common 
characteristic ? 

Ans. Those that have the same number of digits to the 
left of the decimal point. 

6. How are roots extracted by logarithms ? 

Ans. By division. 

7. What numbers are tihey whose logarithms have negative 

characteristics ? 

Ans. Those which are altogether decimal. 

8 . What part of the log of a number is never negative ? 

Ans. The mantissa. 

9. How is a fourth proportional to three numbers found by 

logarithms? 

Am, By adding the log^ of the second and third, and 
subtracting the log of the firsts 

10. Upon what prinmple does the theory of proportional 

parts depend ? 

Ans, Upon the principle, that if the difference of two 
numbers be small compared to either of them, 
that difference will he nearly proportional to 
the difference of their logarithms. 
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11. If every log in the tables were doubled, the results would 

be the logs of the same numbers, but with a different 

base ; prove this, aiid mention what base. 

12. If, instead of being doubled, they were halved, what 

would be the base ? * 

13. If a and b be any two numbers ; prove 

^iog6 Ziiogo. 

14. How many figures in 3599 ? 

Ans, 153. 

15. If .005 be raised to the 12th power, how many cyphers 

will it commence with ? 

Ans. 27. 

30. BLight-angled Triangles calculated by 
l^ogartthms. 

The logarithms of the circular functions, calcu- 
lated to degrees and minutes for ail the angles from 
o® to 90®, are given in the tables, and the theory of 
proportional parts enables us, by means of these, to 
calculate them to seconds. It is easy to see that it 
would be sufficient to give them from 0° to 45®, 
since any function of an angle between 45® and 90*^ 
is equal to another function of an angle between 

and 45®: thus 

sin 67^^ = cos 23°. 

In connexion with this remark, it is to be observed 
that angles greater than 45° are given at the foot of 
the page in the tables, and those less than 45^ at 
the top. 

2^. Since some of the circular functions are less 
than unity for all angles less than 90^, their lo|^- 
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rithms have negative characteristics : thus 
sin 30® = .5, 

and log sin 30^ = log .5 = T.6989700, 

and so on for others. In order to avoid this incon- 
venience, the characteristic of the logarithm of each 
circular function is increased by ro, and the loga- 
rithms so increased are those registered in the 
tables. These, called tabular logarithms, are dis- 
tinguished by the word log placed before them being 
written with a capital letter, thus 

Log sin 30 = 9.6989700- 

* 

The following exercises will familiarize the student 
with the use of logarithms. 

Oase I . — Given a and b, it is required to find A, 
and c. 

By equation (3), 

tan j . 

Hence Logtan -4 - io»laga-logl; 
therefore Log tan .4 = 10 + log - log b. (50) 
Again, equation (15), * 

sin 4 

Hence log# 4 Log sin^^ - 10 « logir ; ' ' ■ ■ 

therefore log # » lo # log <1 - I^g lin A. ; '{si) ■ 
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Kxamfle, 


(Hvaa a 


12.7202420 

9J252064 

9.8251660 


th^dbre 


TdWar diC » 2704 


ikaxicftt 


12.7202420 

stsis^Hr 


3 Plropoiik)^ part 2. 


ExjimcxsBs,~XIIL 

I. Qiwn « ■ >44, t m 151, citotate A, B, e. 


a » *.0054, * * 151, ealcttkte A, B, e. 
at* t%, &m 16, odeuktc A, B, e. 
a • I3,«9i, Sm i4^.je, eiMal* A, B, e. 
a m i m 3.S641, eal«8late A, B, e. 
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Case n. — Given a and c, it is required la find A, Ik 

From equation (51), 

Log sin^ c= 10 + log <2 - Iog<r. (52) 

Again (Euc. I. xlvii.), 

^ - di* ts= + <2) - a). 

Hence 2 log ^ = log + a) 4- log {c - a). (53) 

Example. 

OiTen a = 4754, c = 5850^ calculate A, h. 

10 + log dEss 13,6770592 
log^« 3.7671559 

Log sin « 9 .9099033 
Log sin 54^ 21' « 9.909B728 

305x60 

Tabular diflF. = 907. 

Heflce = S4° ®o"> 

^=35° 38' 40". 

log (r + a) = 4.0*54697 
log {e — a) m 3.03^106 

2)7.0652803 

log 3.5326401, 

' . lacBifMJisss.— XIV. 

I. eSroa 0-175^ aw2i94, <slcalate j?, <i>, 

®* ti « =« 338, « » $ 7 % (atoJate A, M, ft. 


907 




ft « 3409.1. 
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4S 


3. Given a — 4476, c - 8590, calculate JB, b. 

4. „ a = 7178, c — 8653, calculate B,b. 

5. ,, a— 792, = 1734, calculate .4, 

Case III. — Given a and it. is required to jini 

b, c, B, 

From equation (50), 

Log tan ^=10 + log a - log h ; 
therefore log b = 10+ log a - Log tan (54) 
And from (52), 

log ^ = 10 + log^ ~ Logsin- 4 .^ (55)> 


Exercises XV. 


I. 

Given 

a= 849, 

A =1,65® 14' 0", calculate c, B, 

2, 


a = 7178, 

A = 56® 3' 0", calculate 5 , c, 

3 - 

jf 

a= 174, 

,<4 = 20® cj if\ calculate 5 , B, 

4 * 


II 

A ~ 43® 22' 26", calculate c-, B. 

5 - 


a = 0,87807, ^ s= 31® 0' 26'', calculate 3 , B,.. 


Case W .— c and A, it is required to fim 

a, hf B, 

By t^ing the logarithms of equations (15), (16X 

loga = logi:+ Log siiiil - 10, (56) 

log ^ « log c + Log cos A - lo* (57) 
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Exercises. — ^XVL 


I. 

Given 

c = 205, 

A sa 41^ II' 17", calculate a, E. 

2. 

>» 

« 1734, 

A as 2f to* 35", calculate u, B, 

3 * 


C » 934 > 

A « 32** 52' 35", caladate u, J 9 . 

4 - 


214.259, 

A a 26* 52' 14", calculate a, A 

5 - 

It 

c = 2io.ir, 

A ss 22* 36' 3S", Circulate a, B, A 


' Ohservaiion . — ^When a sought angle differs but 
little from 90®, the calculation by means of its sine 
will not be very accurate, because the sines of angles 
near 90® have scarcely any differences, while the 
angles themselves may have a sensible difference. 
Similarly, if an angle be small, it is better not to 
calculate it by its cosine. 

QUEsnom FOR EXAMimrroM. 

1. Why is the charactcditic m the tabular logtrittos oi tl» • 

circular fmctions too great by 10 ? 

2. When an angle is greater ffan 45* its Log tan is gmter 

than 10, and its Log cot. Im tto 10. 'Why ? 

3. Why are th^ dkaractmsto of the -Lof-»cwts -tad Log- 

cosecants of M 'aa^es ne?er lew than 10 ? 

4. Whenomiot » ;Mi|itebe 'lb^ 

of its sine ? 

5. What angl» to be fo»^ la the tafato at the fool of 

ffie page? 



CHAPTER IV. 


TONTCTIONS OF THE SUMS AND DIFFERENCES 
OF ANGLES. 

I . Lemma. — In any triangU ABC, any side (^BC) 
tTjided by the diameter of the 
ir^cumcircle is equal to the 
ifze of the opposite angle (A). 

Dem. — Draw the dia- 
meter BB. J oin CD ; then; 

»ecause BB is the dia- 
meter, the angle BOB is 
igfht. Hence 

BC ^BB^ sin BBC. 

hat is (Euc. HI. xxi.) = siii BAC, Hence, de- 
LOting the diameter BB by B, the side BC by a, and 
he opposite angle by A, we have 

|- = sin^. (58) 

Cor . — In any triangle, 

a : d : : sin .4 ; sin B^ (59) 

?or ^ d£-f 8=sinil, b-r B^ sinB^ 

32. Th sine of the sum of two angles {A, B) is equal 

the sim of the first multiplied by the msine of the 
econd, plm the cosine of the first multiplied by the sine 
if" ike second. 
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, , I Dem. — Let OJVbe a, radius of the unit-circle; and 

^ 1 ; let the angles Q02\/', 

I ' L JVOF be denoted by 

ij a, A respectively; let 

fall the perpendiculars 
^ |j iVP, Join FQ; 

; I then, since the points 

I O, F, N, Q are con- 

I ij cyclic by Ptolemys 

1 Ii theorem (Euc. p. 232 ), 

I ; we have 

I 1 FQ.ON'=^QN.OP^OQ.NF‘, 

I but ON is unity. Hence, by the lemma, 

I , I F<3 = sin QOF= sin (a -f j3). 

{ Also ' 

I ; . CA^=sina, NF- sin 00 = cos a, OF ^ cos (3, 

I ' I Hence 

i ■! sin (a + jS) = sin a cos ^ + cos a sin p, ( 60 ) 




Or thus : — Let the angles BOD, DOE bo denoted 
by a, /? ; then BOE 
will be a + p. In 
OE take any point 

N Draw NK per- // \ 

pendicular to OB, / ^ 

and NQ to OD. / ^ 

Draw QH parallel / 

to OB, and QI per- / 
pendicular to OB* 

Noiv, since the * ___ 

aagles 0M:J, ? ^ I ^ 

aie rigit-angWl, wd irawB th© angles OJX, JVJQ' 
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uc. I. XT.), the angle JOK is equal to 
Cence the angle JNQ is equal to a. 

. ^ KN KH^HN QI HJV 

3in(a + ^) ~ ON'^ ON 

QI.OQ HN.QN 
OQ.ON^ QN. ON 
- sin a cos yS + cos a sin yS, 
a,s before. 

formula (6o) change ^ into (-/?). and we 
j (Art. 23) 

?) = - sin /?, and cos (-yS) = cos y^, 
n. (a ->/?) = sin a cos yS — cos a sin /?. (61) 

w let a! be the complement of a, so that 

* — a'; also sin a = cos a ! ; cos = sin a' ; 

~ ot'-ysj = sm |~ -(a' + /5)| = cos(a'+yS); 

- + =sin^~ - = cos (a' - /?). 

2r 

j-bstituting ~ - a' for a in the formulae (61) 

omitting accents, we get 
tx y8) » cos a cos ^ ~ sin a sin y^. (62) 

at. « cos a cos ^ + sin a sin y&. (63) 

. 0^ 01^ El 01 HQ 

* + < 5 ^= Q]sf ON ^ 

00 HQ QN , - . . 

g'ing the sign of yG^, we get ^ 

>S (a- yS) = cosa COS yff + sina SiiiJ®. 
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Exercises. — XVIL 

1. Given sin a = f, cos 3 = -A ; find sin (a+ 0 ), cos (a - 0 ) 

2. „ sin a = if, sin/8 = f ; find sin (a - 0 ), cos (a+ j8) 

3. Prove sin 2 a = 2 sin a co? a. (64) 

In equation (60) suppose /8 = a, and we get 

sin 2 a sin a cos a -f cos o sin a = 2 sin a cos o. 

4. Prove cos 60® = J. , 

Since 120® and 60° are supplements, sin 120°= sin 60® (Art. 24) 

but sin 120® = 2 sin 60® cos 60® (equation 64) ; 

tfierefore 2 sin 60® cos 60® = sin 60®. 

/I 

Hence cos 60® =s and therefore sin 60® = — . (65) 

5. Prove sin 30® = f . 

Since 60® and 30® are complements, sin 60® = cos 30® (Art. 12) 
but sin 60® = 2 sin 30® cos 30® ; 

theretee 2 sin 30® cos 30® = cos 30®. 

V 

Hence sin 30° = J, and therefore cos 30® = (66) 

Or thus : — 

cos 60 = sin 30 ; Mt cos 60® s= J; therefore sin 3d® » 

6. Prove sin 7 = sin a cos (7 - a) + cos a sin (7 — «} , 


fi 

cos 7 = cos a cos (7 ~ a) sin a inn (7 n). 


„ 

sin 7 = dn (/8 -f 7) cos 0 ~ cos {0 4 7) sin 0. 


9- „ 

cos 7 ss cos 0 + 7 ) cos 0 4 sin (0 4 7) sin 0. 


10. „ 

sin (a4 jS) sm (n — i®) ~ sin^ a — sin^ 0 , 

( 67 ) 

It. ,, 

cos (a 4 oos (n — 0) = cos* a - sin*^ 

(68) 


ss cos*i3 - sin* a. 


If. 

lina3^|8 i^jit|ln 7 slin^illnce 
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35. From the four formulae (6o)~(63), called the 
fundamental formulae, others can be inferred by 
the simple processes of addition and subtraction. 
Thus taking the sum and the jdifference of (60) and 
(61), and also of (62) and (6>),.we get 

sin (a + jS) 4 sin (a - = 2 sin a (69) 

, sin (a 4 - sin (a - = 2 cos a sin (70) 

cos (a 4^yS) 4 COS (ol - fi) = 2C0S a COS/?. ( 71 ) 



COS (a - 

j8) - cos (a 4 y 3 ) = 2 sin a sin (72) 



Exercises. — ^XVIII. 

X, 

Trove 

♦ 

sin (30* 4 a) 4 sin (30® - a) cos a. 

2. 

9 ) 

sin 31° 4 sin 29° = cos i®. 

3 - 

JJ 

cos (60* 4 a) 4 cos (60® — a) = cos a. 

4 - 

Jf 

sin (60 4 a) - sin (60® - a) = sin a. 

5 - 

9f 

sin 62° - sin 58® ='sin 2°. 

6. 

ft 

cos (120 4 a) 4 cos (120 - 0) 4 cos a = 0. 

7 - 

ft 

cos 55® 4 cos 65® 4 cos 175® = 0. 

8. 

» 

sin (« 4 i) a 4 sin (« — i) a =s 2 ^ m cos a. 


3i. By an easy transformation the four formulae 

(69) -(72) give four others for the sum and the dif- 
ference of the sines and the Cosines of two angles. 
Thus, let 

a 4 jS =s Sp an d a ^ 0 => 1 ) ; 

then 

Substituting these values in the above formulae (69), 

(70) , and putting, for the sate of uniformity of no- 
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tation, a, ^ instead of S, D, we get 

sin a + sin y8= 2sin i-(a + ^) cos|“(a-^). (73) 

sin a - sin /? = 2 tos i(a + ^) sin i-(a - /?). (74) 

cosa+ cosyS= 2cosi(a+ ;8) cosJ(a-^). (75) 
coSjS- cos a = 2sin i(a + /5) sin 3-(a-y5). (76) 

These formulae are so important, and of such fre- 
quent recurrence, that it will be necessary for the 
student to commit the following enunciations to 
memory. 

Of any two angles, the 

sum of the sines = 2 sin haif sum . cos I- diff. [(73)] 
diff. „ - z cos half sum . sin -j- diff. [(74)] 

Sum of the cosines = 2 cos half sum . cos i diff. [(75)] 
diff. ,, =2 sin half sum . sin J diflf. [(76)] 

The following observations on these rules are im- 
portant: — 1°. The order of the angles in formula 
(76) is inverted. 2°. In each product on the right 
the angles are respectively the half sum -and the half 
diff. 3°. In 'the first formula there is the product of 
a sine and a cosine ; in the second, of a cosine and 
a sine ; in the third, of two cosines ; and in the fourth 
the product of two sines. 

sm %A ^zdit zA cos4'- 


t. Trove 

3. y, 

¥ 
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Prove sin 2A + sin zB ^ 2 mn (A + B ) . cos {A *- B), 

„ sin 40"* + sin 20*" sa cos lO^ 

„ sin So** - sin 40** s® sin 20'*. 

„ cos « «f cos 3a + coi 5a 4 cos 7a ^ 4 cos a cos 2a cos 4a. 

. . €ona^ m»fa 
„ sm 2a + sin 4a -f sm 6a » , 

. n cos 55* cos 65* + cos 65^ coi 1 75* 4 cos 175* cos 55* 


37. If wc take the quotient of each pair of the 
formulae (73)-(76)f we get the following resalta. 
The first is reduced by dividing both numerator and 
denominator by 

2 cos J (a + fi) cos |(a - /8), 


and the reduction of the others is obvioas 
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Exercises. — XX. 


I. Prove 

. .. W cos 2B — cos 2A 

tan (A T- n* 

^ ' sm 2A - sm 2 jB 


2. „ 

, ^ cos 4 cos 2B 

cot (A -i- jB)=: -J : — 

^ ' sin 2A + sm 2 B 


3 * 9 > 

mi {A -hB) {A - JB) _ tan A 

mL{A-^B)-dxL{A--B) UnB' 


4 * n 

COS (A -B)- cos {A 4 B) 


38. If in the formulae (73), (75), (76) we make 
fi = 0, and remembering that 


COS (0) » r, sin (0) ~ 0, 


we get 

sin a as 2 sin J a cos i a. 

(83) 


1 4C0Satt 2COS^ Ja; 


or 

COSa= 2 COS®ia - 1 - 

X ~ cosa « 2 sin^lo.; 

(8+) 

or 

cos a » I - 2 sin® i a. 

(8S) 

Subtracting (85) from (84), we get 



cos a « COS® 1 a - sin® | m* 

(86) 


The following is the enunciation of these theo 
rejas:! — 

; . $lm of an angle angle . m J angle. 

, " . I + ow angle «> a i angle. 

? : I -«»a«gle« tangle. 

' cos d angle « w* | angle - sin* t angle. 
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Cor, I . — sin za « 2 sin a cos a, 

(Compare equation (64)). 

Cor. 2 .— 

cos2a=2 cos^a- I S8 cos*a-sm®a« I ~ asin^a. (87) 

These are obtained from {85), (84), (85), (86), by 
changing i-a into a. They may also be proved by 
supposing pin the formulae (60), (62). 

Cor. 5.— 

sin (a 4 y 8 ) 2 sin | (a 4 cos |(a 4 P). (88) 


In eqmlion (S|) pat « « 


I. Prove ^a45‘ 




2. Prove 


(Make ti^ of eqwtlim (%))* (90) 


m tan I ' 

{Mit.ke nm of equttteis (S|), (S|}), 
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8. Prove 2 cot a = cot |a ~ tan 

9. „ tan a -f 2 tan 2 a -j- 4 tan4a = cot a - 8 cot 80. 


sin o + sin jS _ cos \(a-- $) 
sin (a -f i8) " cos | (a + ‘ 

sin a - sin /3 sin | (a ~ )3) 
sm(a-hi8) “sin| (a-fj8)’ 


( 94 ) 

( 95 ) 


39. If we divide formula (60) by (62), and reduce 
the right-hand side by dividing both numerator and 
denominator by cos a cos ^8, we get 


, / , tan a + tan P 

tan (a + ^) « 

k .-mm i~tanatany8 


(96) 


In like manner, from (61) and (63) we get 


tan (a - jS) =5 


tan a - tan 


i + tanatan^’ 
In (96) put a = and we get 
2 tana 


tan 2a » 


I - tan* a* 


(97) 


(98) 


Exercisbs.— XX n, 

1. Prove tan 45* » I. 

„ tan45*sam45^-rOOS45 '*» . 

- iz in 

2. if tan a I, tan ^ « J ; prove a 4 # • 45^ 

If ' tantt«j, prove «4*^ *8 45*^ 

4* Piove tan a + tint 4 ** * 

' C ft t an e **» 
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6, Prove 

7* )j 

8 . „ 

9- ,, 


10. „ 


tan (a + 45) = 


I 4 * tan a 
I — tan a * 


tan (a - 45) = 


tan a — r 
tan a 4 r ' 


tan a 4 tan __ sin (a 4 J 3 ) 
tan a - tan /8 ~ sin (a - J 3 ) ’ 


tan^ a — tan^ $ = 


sin^ a - sin'^ 
cos* a . cos* )S * 


cot a — tan a 
cot a 4 tan a 


= cos 2a. 


40 . Formulae for tlie l§(um of tliree or 
more Jkasles. 

Let a, j3, y be three angles ; then 
sin (a 4)5 4 7 ) = sin (a 4)5) cos y4 cos(a4)5) siny ; 
and substituting, from ( 60 ) and (6z), their values for 
sin (a 4 )5), cos (a 4/5), 

we get 

sin (a4 )5 4 y) == sin a cos J3 cos y 4 sin )5 cos y cos a 
4 sin y cos a cos )5 - sin a sin )5 sin y. ( 100 ) 

In like manner, 

cos (a 4 )5 4 y) - cos a coS)5 cos y - cos a sin J3 siny 

- cos )5 siny sin a -cosy sin a sin )5, (loi) 

III these formulae, if we make )5, y each equal to 
% we get 

sin 3 a as I sin cos- fit 4 sin® a, 
cos $a esi cos®n - 3 sin*a cos a. 
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and replacing in the former cos^ a by i ~ sin’* 
in the latter, sin’* a by i ~ cos’* a, we get 


sin 3 a = 3 sin a - 4 sin®a. ( 

COS 3 a = 4COS®a- 3 COS a. ( 

41. If we divide (100) by (roi), and redi 
dividing the numerator and the denominator < 
right-hand side by cos a cos jS cos 7, we get 


y /3 N ta>n a + tan ^ + tan y - ta n a tan 
n^et -J-p + y)- ^ ^ tan a tan ^ - tanjS tan y - tany 

In this result, if we make y each equal to 
get 


3 tana-tan^a 

tan 3a » — - — , 

I ~ 3 tan* a 


(I 


C(fn I.— If a + j8 + y = where m is any in 

tanfit4 tan^ + tany * tan a tan jS tan y. (i 

Cm — ^If a+)8 + y = ^, tan^S tany + tany 

4 Ifiua atan^ » i. (i 


Exercises.—- XXIII. 


I. Jtotd da 18 ® 



<1 S8 we have, since ' 

dn 36® cos 54*^ 


da ^ 8 cos !«, 


2dnaeosa«4'Co#a‘-'3coia; 

ttotetoe 

2 sin# 8 4 cos®a — 3 « 4 (i — da® 

tlimrfbiw 

4 dh®.® “f*" ^ 'da® ss I * 


4 ^ 


(I 


4 
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Or thi^ 


2 sin 36® cos 36® « sin 72% 


and 2 sin 72® cos 72^ « sin 144^ or sin 36*^. 

Hence 2 cos 36^ cos 72^ ^ i ; 

' but 2 cos 36** cos 72® as COS 36"* + COS loS"* » cos 36^ - cos 72* ; 
therefore cos 36"* - cos 72® » |, 

Hence, denoting cos 36** and cos 72** by x and we have 
zxy m J and jr ~ » | j 


therefore 

therrfore 


V 5 - f , v' S - I 

^ M and y w -«x_« ; 

4 4 ‘ 


VT 4* 1 1/^ — I 

cos 36® « and cos 72^ or sin iS^ « . (!<») 

4 4 ' 


MiSCBLLANEOIOrS EXERCISES*— XXIV. 


t. Prove 


« -f-tan^a 
I 4 tan'’* «' 


cw « *» iin « 
COSH f fa 


•« a# -* tan 2«,. 


4. Piwe^ 

I* ^ * 


PlOfi**-* 
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6 Prove sec a + tan a = tan (45 ± J a). 

cos a + cos 0 _ cos J (a - 0 ) 

^ sin (a 4 * 0 ) sin | (a + 0 ) 

g cos 0 -» CDS a _ sin | (a - 0 ) 

’ ^ sin (a + 0 ) cos ■[ (a + 0 ) * 

cos o + cos ;8 . 1 ^ . „ , . „ , 

9. If cos a = prove tan* J 0 = tan* J a tan* 1 ^ 8 . 

^ i+cosacos) 3 ’ ^ 

COS CL COS i3 

10. If cos 8 = A— . — 1--, prove, tan* J 0 = tan* | a cot* | B, 
i-cosacos0 ^ ^ j 2^ 

II. Prove cos*^a ==: 2 cos ~ a j cos . 


12. 


sm a + sin 4a + sm 7a 

— ss tan 4a. 

cos 0 4 cos 4a 4 cos 'ja 

13. 

}f 

^ + A“ = lan*f:T+?V 

I - sm a \ 4 2 / 

14. 

)> 

^ ^ X / /-OS 1 + 2 COS 2 a 

IS- 

J 7 

cos» a - sin® a = cos 2a ( i - | sin® 2a). 

16. 

}f 

sin® a 4- cos® a = (i - | sin* 2a). 

17. 

if 

sin ma = sin a cos (w — i )a 4* cos a sin {m— l)a. 

18. 

11 

cos ma = cos a cos (w — l)a >- sin a sin {m - l)a. 

19, 

11 

sin 4a ss 4 sin a cos a - 8 sin® a cos «. 

20. 

11 

sin 5a = 5 sin a - 20 sin® a 4“ 16 si# a. 

21. 

11 

cos 4 a s= I - 8 cos* a 4 Bcos^a. 

22. 

11 

cos 5a = 5 cosa - 20cos*a 4* 16 €0#a. 

23- 

11 

2 cos* a cos*B — 2 si# a si# 0 *= cos 2a 4 cos Z 0 . 

24. 

11 

4 sin 3a cos® a 4 4 cos 3a si# a « 3 sin 40- 

25- 

11 

cot a — tan a » 2 cot 2a. 

26. 

11 

cos a i ^os 0 4 cosy 4 cos (a 4 B 4 y) 


*r 4 COS (a 4 * 0 ) CDS I (0 4 y) COB | (y 4 ct)» 
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27. Prove cos {n + l) cos {n - r) a 4- sin-a = cos ^ na . 

28- Xi A, C, D be four points ranged in order on a circle, 
^ if cot AB -f cot AD = 2 cot AC; prove 

sia AB : sin BC : : sin AD : sin DC. 

29. If tan^a = i + atan^jS, prove cos^jS = i -f cos 2a. 

3 ^‘ Drove sin 6a = cos a (6 sin a — 32 sin^a + 32 sin^ a). 

31. cos 6 a = — (I — i 8 cos-a 4 - 48cos4a - 32C0S6a). 

sin 3a + cos 3a _ W ^ + 2’'sm'’2a \ 

\ 4/ VI - 2 sin 2a J ' 


32. 


sin3a — cos3a 

33 - Find the circular functions of 15°. . 

15° = sin (45 - 30) = sin 45 cos 30 ~ cos 45 sin 30 = — 

2’V 2 


V3-b I 

2 ^/T' 


iKiilarly, cos 15° = 

lence 

tan 15° = — - =2-^/3, and cot 15® = 2 + V'J. 

V 3 + I 

34. Find the circular functions of 75^- 
Since 75° is the complement of 1 5°, we have 

y' 3 4. 1 

sin 75 = cos 15 = — , tan 75*^ = cot 15 = 2 + V 3, &c. 

2 V 2 

35. Having given 

sin 6 4 sin cos $ 4 cos 4> = ^ ; 


prove 


, 0 . rf» 4 *® 

tan - 4 tan ~ = — — ; 

;2 2 4 4 2^ 


tan e 4 tan <|i> = 


Sad 

{a^ 4 d*)'-* - 4^*^ * 


. . . 2ad 
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■h e ^ u 

tan 

- e 2 


Tr „ COSM~<? ^ B 

36. If COS Q = , prove tan - ; 

i~^cosw 2 

^ -rr 

37. If a = — , prove cos a + cos 2a + cos 4a + cos 8a = 


38 . If 

( I + cos ^} ( I 4- cos ^) ( I + cos C) = ( I - cos ^) ( I ~ cos i?) ( I cos C), 

prove each = sin A sin B sin C. 


39. Prove sin a = 

40. „ tana= 

41. , 

42. , 


cot I a ~ cot a 
2 


cot I a — tan | a* 

I + cos a+ cos 2 a 4 - cos 3 a = 2C0S a (2 cos^a 4 COS a - 1 ) . 

2 cos a — I 


tan (30'’ 4 'I a) tan (30'’ - | a) * 

2 cos a 4 I 

43. „ sin 3a = 4 sin a . sin (60® - a) sin (60’' 4 a). 

44. „ cos 3a = 4 cos a . cos (60^ — a) cos (60^ 4 a). 

45. „ sin (a 4 $) sin 3 (a - jS) rs sin^ (2a - j8) - sin'** (23 -- a). 

46. If a 4 ^ 4 7= 2cr, prove cos 20*4 cos 2 (0 - a) 4 cos 2 («r ^ 0 } 
4 cos 2 (o' - -y) = 4 cos a cos 0 cos 7. 


47. Prove sin ft4sin 3a 4 sin Sa ... 4 sin (2?^- 1) «« 

sin a 

48 „ cos a 4 cos 3a 4 cos 5a . . . 4 cos (2« — i ) a » 

2 an a 



CHAPTER V. 


INVERSE CIRCULAR FUNCTIONS. 


Section I. 

42. When an angle is given, to each value of it there 
is but one value of each of the circular functions ; 
but if the circular function be given, and it be re- 
quired to find the angle, it will be seen, that to each 
value of the function there is an infinite number 
of corresponding angles. It will be sufficient to 
establish rules for the sine, cosine^ and tangent; since 
the rules for these functions hold for their recipro- 
cals — the cosecant, secant, and cotangent 

43. Sines. — Let a he the sine of an arc; it is r(?- 
quired to construct the arc, 

Sol. — Let 0 be the centre of the unit-circle, A the 
origin of the arcs. Draw 
the diameters AA\ BF at 
right angles ; and take on 
O^the line ON, whose nu- 
merical measure is equal 
to a. Through N draw 
PP’ parallel to A A'; then, 
since PM, PM' are each 
equal to ON, the sines of 
the arcs AP, AP' are each 
equal to a ; but the arcs AP, AP' are supplements ; 
and if one of them be denoted by a, the other will 
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be TT - a. Again, since the sine of an angle is not 
altered when the angle is incrc'ascd by z/ztt (Art. 22), 
it, follows, if $ be the general value of the angle 
whose sine is that 

<9=2«7rTa, or ^ ” (zw 4 i) tt - a, (no) 
where n denotes any positive or negative integer. 

Cor , — If two angles have tlie same sine, eillier 
their difference is an even multiple or their sum 
is an odd multiple of tt. 


Exercises— XXV. 

1. What is the general value of the angle whose sine is ^ ? 

2. What is the general value of Q if .sin* 0 ^ ? 

3. Write down all the values of a which satisfy the equatian 
sin® B = sin® a. 

4. (xiven cosec® J, what is the general value off? ? 

44. CosiNii. — If a be the cosine of ein arc, it is 
required to find its general value. 

SoL — Let A be the origin of arcs ; A.A\ BII two 
diameters at right angles 
to each other. Take on 
OA the line OM, whose 
numerical measure is equal 
to a. Through M draw 
PF' parallel to BP-, then ^ 
it is evident that the points 
P, P will be the extremi- 
ties of all arcs whose co- 
sine is equal to a. Now, 
if AP be denoted by «, AP' will be (Art. 23) - a 
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ence, if 9 be the general angle whose cosine is | 

j have 

6 - T.fZ'K ± a, (i J ^ ) I 

lere n denotes any positive or negative integer. | 

Cor , — If two angles have the same cosine, either I 

eir sum or their difference must be an even mul- 1 

)le of TT. 

?! 

'I 

Exercises. — XXVI. 

I . What are the general values of which satisfy 
sin 30 = sin 0 cos 20 ? 

From the given equation we get 

sin (0 + 20} — sin 0 cos 20 = o. 
snce cos 0 sin 20 = o ; 

2refore either cos 0 = o or sin 20 — 0. 

From the first of these equations we get 0 = some odd mul- i 

)le of and from the second 20 = any multiple of tt. Hence | 

th are included in the equation 0 = — where n is any 
;eger. 

2-12. Find the general value of 0, satisfying the following 
uations : — 

2°. cos 0 = cos 20. 

3®. cos 0 + cos 30 + cos 50 = o. 

4°. sin 0 4- sin 20 + sin 3 0 = o. 

5°. sin 50 = 16 sin^ 0. 

6®. sin 90 — sin 0 = sin 40. 

sin 0 + cos 0 = . 

V 2 


7 ‘ 
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8 °. 

sin 40 + sin 60 = 0. 

9“. 

cos 0 cos 50 + cos 50 cos 70 = 0. 

10\ 

sec 0 = 2. 


sin 0 ~ cos 0 = 4 sin 0 cos^ 0. 

12°. 

sin II 0 4 sin 70 4 2 cos- 0 = i. 

45. Tangent. — 1/ a he the tangent of an arc, it is 
required to fiftd its general value, 

Sol. — Let .<4/14' be the unit circle; A the origin 
of the arcs ; 0 the centre. 


Draw AT touching the 
circle, and take A T, such 
that its numerical mea- 
sure shall be equal to a ; 
join OT, cutting the circle 
in the points P, then ^ 
any arc terminating in 
either of these points will 
have its tangent equal to 
a. Hence, if AP = a, and 
0 be the required arc, the 
general value of 6 is given by the equation 

where n denotes any positive or negative integer. 

Cor , — If two arcs have the same tangent, their dif- 
ference must be some multiple of tt. 
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Exercises. — XXVII. 

1 - 4 . Find the general value of 0 in the equations — 


1°. 

tan 0 = i. 

2 ^ 

tah'^ 0 = 3. 

3”’ 

tan 2 0 = 

4*’. 

tan® 0 4 - cot^ 0 = 2. 

16. Solve the following equations : — 

5^ 

2 sin 0 = tan 0. 

6°. 

6 cot^0 - 4 cos 2 0 = I. 

7^ 

tan 0 4 tan = 2. 


tan 20 4 cot 0 — 8 cos'^ 0 = ( 

9°. 

tan 0 4 cot 0 = V2. 

10®. 

cos 0 4 V3 sin 0 = V2. 

11°. 

cot (l-e) = 3 C 0 t 

12°. 

tan =14 sin 20. 


sec 0 =: 2 tan 0 . 

14 ^ 

(cot 0 - tan 0)2 (2 4 V 3 ) = 


cosec 0 cot 0 = 2 '/3. 

16°. 

COS 0 

“ h tan 0 = 2. 


17 . Given the difference of the lengths of the shadow of a 
ovirer, when the sun’s altitudes’are a*’, respectively = h feet ; 
ind the height of the tower. 


F 2 
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Section II. 

46. Def. — The following is the notation used for 
inverse functions : 

sin'^jr, tan "^5;, &c. 

They are read thus : The arc whose sine is cc ; the arc 
whose cosine isy ; the arc whose tangent is dfc. Thus, 
ivhen we put x = sin 0, we can say conversely 0 ~ sin~'^Xy 
&ec. 

From the foregoing definition we see that every 
relation between the direct circular functions has a 
corresponding relation for the inverse. Thus, from 
the equation 

tan (a, + a.) = (equation (96)), 

we get 4 02 = tan'^ 

Now put 

tan oi = ai, tan 02 = then oi = tan"^ ai, oa = tan"* ^ 

Hence + tan"^a2= tan“^ (113) 

Y I — a-i a% j 

which is the inverse formula corresponding 10^(96) 
for the tangent of the snip of two angles. 

Exercises. — XXVIII. 

2 , 0 . 

2tan-^a:= tan~^ r. 

I — 

3 tan."* a ~ tan ^ , *. 

I 120 

4tan-^-= tan-^ . 

5 119 


r. Prove 


3 * 


tan ai 4 tan 02 j 
I ~ tan oi tan 02) 
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4. 

Prove 

4 tan-i — tan-i tan-^ = - • 

4 

5- 


tan-ijv + = -. 

2 

6. 


tan ^ + taii-i + tan“^ -f tan”' « = - . 

4 

V • 

.. 

sin-1 ^ sin-i = sin-' -gj. 

S. 

” 

sin-i^ + sm-^ = r. 

9* 

•> 

tan-i-J- 4 tan-i J + tan-i -tV, &c., to inf. = ~ 

4 

xo. 

jj 

if tan- 9 = tan (9 - a) tan (0-^8), 



^ ^ , 2 sin a sin jS 

26 = tan-' 

sin (a 4 )3) 

Solve the following equations : — 

X I. 


cot-' 4 cot-' ^ 4 i) = cot-1 {n — I). 

12. 


. , . . JV TT 

sm-i 4 sin- 1 — = - . 

2 4 



tan- 1 2 x 4 tan- ' . 

4 

14. 



IS- 


cot-i — cot-' — - — = tan-i - tan"' 

:!c 4 I X- 1 


Section III. 

47. The inverse circular functions are not the 
only ones that have multiple values; for, as we shall 
ee in the following propositions, the direct func- 
ions in several cases have more than one value 
though not an indefinite number) when expressed 
n terms of each other. 
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48. If the cosine of an angle he given, the sine and the 
cosine of its half are each two -val<ued. 

Bern. — 2 = i - cos^ (^ 5 ); 

therefore sin = ± — 1 1 4) 

In like manner, 

_ /i ~ cos <9 

cosi-±^ ^ • (115) 

49. Lemma I. — If A lie between 45*^ and 
sin A - cos A is positive ; and if between 225° and 
sin A ~ cos A is negative. 

For, 

sin (.^ 4 -45°) = sin ^ cos 45°- cos ^ sin 45° 

= (sin^ - cos.^) 

V 2 

Now, if A lie between 45° and 225°, (A -45) lies 
between o and 180°, and sin (A - 45*^) is positive ; 
therefore sin A ~ cos A is positive. In the same 
manner, if A lie between 225° and 405°, sin .^4 - cos^ 
is negative. 

50. Lemma 11 . — If A lie between - 4.$° and 135^,, 
sm A -h cos A is positive ; and if between and 3 1 
sin A 4 - cos A is negative. 

This may be proved by the equation 

sin (A 4 45°) = (sin A 4 cos A) 

V 2 

51. If the sine of an angle be given, the sine and the 
cosine of its half are each a four-valued function. 

For (sin 4 cos = i 4 sin 0 (83), 

(sin I'O ~ cos iOy = I - sin 0 (83). 
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nee sin iO = ± 


I + sin 0 ^/i - sin 6 


(116) 


- “v/ 1 + sin ^ _ v /7 ~ sin ^ rT 17'^ 

cosi0=± + • 

2 2 

;f the angle ^ be given, the preceding lemmas 
tble us to determine the signs to be given to the 
[icals in these equations. 

52. If the tangent of an angle he given^ the tangent of 
half is two-valued. 


Dem. — ^We have 


tan ^ = 


2 tan 

i - tan- ^9 * 


ence, putting tan i 9 = and tan ^ we have, 
r determining the quadratic equation 

^ - X - I ~ 0, (r 18) 


.i.ich proves the proposition. 

53. If the cosine of an angle he given ^ the cosine of 
'■e-fhird of the angle is three-valued. 

Dem. — In the formula (1^3) put a =-, and we get 

3 

/I 3^ ^ 

cos 0 = A. cos^ — ^3 cos 
3 3 

fence, putting 

9 

cos 9 = aj and cos ~ = x, 

3 

''e get V-“-ar~~ = o, (119) 

4 4 

.rhich proves the proposition. 
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Exercises. — XXIX. 


Solve the following equations : — 

1. sin {x + a) cos jp . sin « = cos a. 

2. sin {x + a) = ^ sin jc +• c cos x. 

3. cos [x — d) = msinx — n cos x. 

4. tan (x -i- a) + tan (x — a) = 2 cot x. 

5. sin ((p x) = cos {<p — x), 

6 . tan 2x 4- tan = 3 tan x, 

7. cos 4- sin ^x ~ (cos x — sin.A;)5. 

8. tan 4 a: — tan a: = o. 

9. If cos a = ^, find the values of cos J a and sin J a. 


10. Given tan 20 = — ; find the values of sin 0, cos 0. 

7 

1 1 . Prove the following system of values : — 


1°. sin — =-^\/2, 
4 


cos ~ = I- V 2. 
4 ^ 




3°. sm 


16 


= i^2-V2, 


24-^2 


i-ij 


2 4 -^ 2 * 


V2 4“ V2. 


12. Prove tan — = V~2 — i. 

o 

13. If sin a = yyj prove tan J a = 2 + V 3- 

14- If 2 cos a = - I 4- sin 2 a ~ i - sin 2 a, between what 
limits does a lie ? 


15. If sec (0 4- a) + sec (0 — a) = 2 sec 0, 
prove cos 0 c= v/ 2 . cos 

sec 2 a 4- tan 2a 


16. Prove tan^ (a 4- 45°) = 


sec 2 a —tan 2a 





CHAPTER VL 


RELATIONS BETWEEN THE SIDES OF A PLANE 
TRIANGLE AND THE CIRCULAR FUNCTIONS OF 
ITS ANGLES. 

Section I. — The Right-angled Triangle, 

54. In a right-angled triangle^ any side is etiual to the 
rectangle contained by the hypotenuse^ and the sine of 
the opposite^ or the cosine of 
the adjacent angles, 

Dem. — Let ABC be a 
triangle having the angle 
C right; then (Chap. II. 

Art. 10), A 

BC = AB sin^, AC = AB cos A, 

Hence, denoting the numerical lengths of the sides 
BC, CA, AB of the triangle by the letters a, b, c, 
respectively, we have 

a c sin A, (^20) 

b - c cos A. (^2i) 

55. In a right-angled triangle, either side divided by 
the other side is equal to the tangent of the opposite angle, 
Dem. — Dividing equation (120) by (12 1), we get 

^ = tan^^ or a = bidJiA, (122) 

0 

Cor, — a = ccosB, b = c sin B, a = bcotB. (1Z3) 
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Ohservatzon . — ^The three eciiiations (i2o)~(r22) arc sufficient 
for the solution of all the cases of the -angled triangle. 


Exercisics. — XXX. 


I. 

Prove 

tan2 (45 - M) = tan- t /J. 

2. 

>> 

tatf (45 +^J) = = ‘-■ot- h B. 

3 * 


lab 

sm 2 A . 

4 - 

S> • 

h'^ — 

cos lA = “ — 

5 * 

>> 

A 

tan lA = . 

V ~ d 

6. 

V, 

sin 3.4= - 

7 * 


, B - IcC-b 
cos 3^ = —^—. 

8. 

)> 

, ^ a 

tan \ A far 

^ h 4 c 

9 - 

)J 

c b 
^ 2 C 

10. 

If 

c f h 

COS» \ A 

1 C 

II. 

In a 

plane triangle, the altitude divides the l>ast; in!< 


segments proportional to the cotangents of tlie adjacent ban 
angles. 

12. In a plane triangle, the altitude divides the vertical angle 
into two segments whose cosines arc reciprocally proportional 
to the adjacent sidcs. 

13. A tower and its spire subtend ecjual angles at a point 
whose distance from the foot of the tower is a ; if h be the 
height of the tower, prove that the height of the spire is 
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Section II. — Oblique-angled Triangles. 

56. In any plane triangle, the sides are proportional 
fo the sines of the opposite angles. 




This proposition has been already proved in 
Chap. IV. Art. 31, Cor. The following is the proof 
usually given : — Let ABC be any triangle ; from 
A draw AD perpendicular to the opposite side. 

I®. Let.^, C be acute angles ; then, from fig. (i), 
we have 

AD = AB sin B, AD = AC sin C ; 
therefore ^ C sin C = AB sin B. 

Hence AC : AB : : sin B : sin C ; 

or b : c : : sin B : sin C. 

tP. If the angle C be obtuse, we have, from 

fig- (2). 

AD = AC sin ACD = ACsinACB ; 
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since supplemental angles have ec|i 
before, 

AD = AB sin 

Hence ACsinC^ AB sin 

therefore 3 : ; sin^ : sin 

3° If the angle C be right, we li 
a : c :: sin A i ^ 1 
hut I = sin 90° = sin CJ 

therefore a : c :: sin A : sin C 

Hence, in every case the sides are 
the sines of the opposite angles, or, 

sin A _sinB sin C7 
a h c 

57. The sum ofayiy two sides of a * 
third side as the cosine of half different 
angles is to the sine of half the cofitaine^ 

Dem. — We have ffi 

c sin C 

and i = 

f sin C ’ 

therefore 

g + ^ ^ sin^ + sin^ ^ 2 sii^J + li'} 
c sin C ~ 2 sin 1 C 

but since (A + B) is the complemcr 

sin i (^ + ^) = cos -i C- 

Hence _ cos jjA -B) ^ 

c sin C 


r 
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58. The difference of any two sides of a triangle is 
o the third side as the sine of half the diffej'CJice of 
he opposite angles is to the cosine of half the contained 
r ngle. 

Bern. — We have, from (124), 

^ ^ ^ cos j- (A 4 B) sin 4 - (A - B )^ 

c sin C 2 sin J- C cos C 


but cos I (A + T) = sin ^ C ; 


therefore 


^ - h ^ sin (A - B) 
c cos -J* C 


(126) 


59, The sum of any two sides of a triangle is to their 
difference as the tangent of half the sum of the opposite 
rzngles is to the tangent of half their difference. 

Bern. — From (124), we have 

a-^rh sin + sin B ^ tan B) . . . 

a — h sin .4- sin tan'J(.^-.^) 

We get the same result if we divide (125) by (126). 


Exercises. — XXXI. 


I. If AD bisects the angle A of the triangle ADC; prove 
DD : DC : : sin C: sin D. 


2. If bisect the external vertical angle ; prove BD : CD" 
ii im Cl %\TiB, 


5. Hence prove 


1 


2 cos ^A . cos ^{B- C) 
a sin B 


1 ^2sm^ A .sin^ (C—B) 
CD ~ a smB 


4 - 
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5. The vertical angle of any triangle is divided by the median 
that bisects the base into segments, whose sines are inversely 
proportional to the adjacent sides . 

6. HAD be the median that bisects prove 


tan ADB 


zhc sin A 


7. In the same case, prove 

cot BAD -p cot CAD rr. 4 cot A + cot B + cot C. 


60. Jn every plane iriangle^ each side is equal to the 
sum of the products of the other sides into the cosines of 
the angles which they make with the first side. 

Dem. — From fig- (r). Art. 56, we have 

BC^BD-vDC^^AB co%B^ACco% ( 7 , 

that is, a- c cos B cos C. 


Again, from fig. (2), we have 
BC^BD-^CD^AB co^B-’AC cos (180 ~C) 
-AB cos B-{’ AC cos C, the same as before. 


Thus, 

a ^ h cos C b c cos B ; 

(iz8) 


b ^ c cos A + a cos C ; 

(129) 


c^ a cosi?+ h cos .4. 

(« 30 ) 


Exercises.— XXXI I . 



1 . Prove a (b cos ( 7 - c cos B ) « 

2. „ {b’\rc)cosA-^{C’i‘a)cQSjB 4 ^{a-\‘h)co$C^a-^bic. 

„ a (cos B cos C + cos A) ^ b (cos Ceos A + cos B) 
s c (cos A co%B + cos C). 

,, 2 {a cos A b cosB ^ c cou C) = a cos (S - C) 

+ cos (C - cos (A •^B). 


3 * 
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5. Prove {<z + ^ + (') (cos A »f» cos /> + cos C) — 2 (a cos® A 

+ cos® » /? -f ^ cos ® }. C). 

6. j, c' (cos ^ + cos A) * 2 •{* J C). * 

7. ,, c (cos - cos/y) “ 2 {f^ — (cos® ^ C). 

I:i. ,, tan /J tan C tr. {cfi //- <r®) «« {ti- — />- «f r®). 

9. ,, f i'“ — 2 (<2<& cos 6'“f‘ cos -<4 I ai cos /?). 

6r. In any plane Iriang/e, /he excess of the sum of the 
squares of any two sides over the square of the ihitd side 
is equal to twice their product into the cosine of the con- 
tained afigle. 

Bern. — Aluitiply the equationB ( 12H), (129), (ijo) 
by a, 5 , c respectively, and subtract the first product 
from the sum of the second and third, and we get 

//^ \ c ® ~ d^ a*, zk cos A. ( ^ 3 0 

And, interchanging letters, 

+ d^ -- k t-. zca cos B \ (^3^) 

and f k - c'^ ss zah cos C\ (^33) 

Conversely, equations (i 2B) -- (130) can be inferred 
from equations adding the two 

last and dividing by za, we get (128). 

Again, we may prove the proposition that * the sides 
are proportional to the sines of the opposite angles' by the 
equations of this Article- 

For we get, from ( 1 3 1 ), 

that is, 

- 4// V sin*y| - ilPd - zchi^ - zaW i- 4 
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Hence 

sin^A ilrc^ + 'ic^ar + za'^Ir - - r* 

, (,3^) 

and since the second side of this equation is unaltered 
by interchange of letters, wc see that 

sin'M siiri? si 11“ 6 * 

P r 

which is the same as (124). 


Exercises.— XXX HI. 

1. If one an^^le of a triangle be 120 '; prove that the square 
on the opposite side cxc*eeds the sum of the squares on the re- 
maining sides by their product. 

2. If one angle of a triangle be 60"' ; prove that the sc|uarc 011 
the opposite side is less than the sum of the s(|uares on the re- 
maining sides l)y their product. 

3. If 4 be an auxiliary '* angle such that 


prove 


tan- 4 S5 


4a6 shf^ i C ^ 
(a i i f- 


c — (ft — b) sec 4. 


4- If 4 be an auxiliary angle, such that 
. . ^abco^^lC 

prove r (a 4 b) cos 4. 

c 

5. If Q be an auxiliary angle, such tliat cos ^ ^ (if r be less 

limn b) ; prove 

tan^ = tan J (i^ - C) tan | A. 


* An auxiliary angle in Trigonometry is one introduced for 
the purpose of rendering a formula adapted to Logarithmic 
computation. 
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6. 1(6 be the indutieti anjjle t>f two adjacent Khlcs a, /? of a 
parallelogram ; prove that the squares of its diagouak are 

^2 4. ^2 COS0, a* ■} (A - 2a// cos 0 . 

7. If «/, d'hc the diagonals of a quadrilateral, 0 their inchuled 
angle; prove 

area r- § iW'.sin 0. 

S. In any triangle, prove 

r: (a -f" sin^ | C 4 (« -” eos^ | C\ 

9. In any triangle, prove 

2 (a 4‘ HI 11“ .5 r' -- (/i //)^ eos^ | C 

^ * ciaUI - /I j " • 

ro. If A\ C be the supplements of the angles A, //, Cal' 
a triangle ; prove 

2dc versin A' 4 vcrsin /f 4 vcrsin C* (a ^ -f 

ri. Prove mn(A B ) : sin {A f //) : : a^ — //-^ : 4*. 

62 . To express ike sine^ ike mi?u% and the faugeni, of 
half an angle of a Iriangk in hr ms of ike sides, 

1®. We have, from (131), 

zbc COB ^ ^ F 4 « a% (a) 

and the * zbc. (f3) 

Hence, by subtraction, 

zk(t - cos A) m a^^(b ^ cf ; 
therefore 43 c sin® 1-4 (a 4 ^ r)(tf «- i 4 r) ; 

or sin® id * _Q 


0 
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Let <2 4 -^ + c = 2^, so that ^ is the semiperimeter of 
the triangle ; then 

a-b -k- c - %{s -b), and a b-c-z{s- c). 


Hence 


(13s) 

Similarly 

'V ca 

(•36) 

and 


(137) 

By adding equations (a) and {(i) we get 


2bc{i + cos A) = (^ *f cf - a^j 


or 4 tjbc cos'"^ i ~ {b T c + a){b + r - a) « zr . 

z(j-a); 

therefore 

COSM=J~ . 

(•38) 

Similarly, 

ccHH.J ^ . 

(« 39 ) 

and 

CO.JC.J .. 

(*40) 

f. By dividing equations (» 35 H‘ 57 ) by (138)- 
(140) respectively, we get 
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tan 


iS.J 

tan ^ C= Ji' 


{s- c) (s-a) 
s(s-b)~ 


(i- - (j* -< 3 ) 

(i* - r) 


^3 


(142) 

( 143 ) 


Cor» I . — sin A =^\/s(s-aj(s‘- 3 ) (s - c). 

DC 

For 

2 . — 

sin ^ = 2 sin J A cos ^ ^ = 7- . s - a .s - b 

DC 


(H4) 


. ^ - c. 


Exercises.— XXXIV* 


1. Prove . tan | 

2. ,, taii'l.i^ ~ tan = (^ — Z^) 4 - (>^ — «)- 

3. „ cos^ ^ cos^ = a — a) -f ^ (i” - 5 ). 

tan \A - tan ^ 

” tanj.^ + tan 

5. ,, ”f 2c®a2-{- _ <2^ ^4 _ ^ 

= i6j' . s — a. s~-b . s ^ c. 


6 . 

7- 

8 . 


A J5 C 

(b -> c) cot -^-\-{c—a) cot ~ + (a - 5) cot— = o. 


A JB ' C 

he cos® — + fra cos® — -f a5 cos® — = 
222 


^ cos® — h ^ cos® — = J. 
2 2 


C J3 

b sin® — -j- r sin® ~~«s s-- a. 
2 2 


9 - 
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A JB C 

10. Prove [s ~ a) tan (s- b) tan —= {s ~ c) tan 

11. „ sin 2 B + sin 2 A ~ 2db sin C. 


ABC , 

12. ,, j^tan— tan — tan — = Vi* . (x- (j‘-£r). 

13. Prove that the length of the line bisecting the angle A of 
a triangle, and meeting the opposite .side, is 

, A 
2 he cos — 

2 

b c 

14. If z be three angles determined by the relations 


COSX — -:: , COSr= — ^ , COS s = — ; 

b-i-c c a ^ a + b 


X y z 

prove tan^ - + tan” - + tan® -=1, 


X y ^ . A B C 

,, tan - . tan - . tan - = tan — . tan - . tan 

222222 

. ^ sin ^ 4- sin B 

IS. If in a triangle sm C= ; prove C = 


16. Prove 


tan ^A — taxi^B __ a + b 
tan|- 4 -h tan^A c 


vers A /a{s — b) ve rs (A + B) ^ s {s — c) 

“ vers C ~ (s-a^s-b)' 




CHAPTER VIL 

PROPERTIES OF TRIANGLES, ETC. 

63- To fiiMl EXwpreiiiiioiiw for tlie ^reat of m 

Triangle. 

I®. The area of a Mangle h equal to half ihe prnduci 
§f any two sides into ihe sine of Ihgir meiud&I angle ^ 

Dem. — Let ABC be the triangle, €1) the perpen- 
dicular from C on AB; then 
(Euc. IL I. Cor, z) the area of 

ABC r^^AB, CD ; 
but CD = AC%mA, 

Hence 

area = ^AB ,ACmnA; 
that is, 

area « sin A, (145) 

2® The area of a triangle in terms of Us sides. 

Since sin A ^ -J- %/$ ,$ ^ a, s - 'b , k > • t ( ^44) ; 
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substituting this in (145), we get 

area of the triangle = \/s(s - a)(s - d) (s ~ c). 

(146) 

Def. — The area of the triangle shall be denoted 
by S. 

64. To find tlie Radius of tfie Inscribed 
Circle of a Triangle. 

Let ABC be the triangle ; r the radius of the circle ; 
O the centre ; Z>, Fthe points of contact. 



COA = 

2 

AOB = 

2 


fa + d + c\ 

therefore -S = ( jr = rs; 

(14.7) 

s y s 


therefore 
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65. To ftoil llie lEadll of the 'KJHerilieil 
Circles of a. Triangle. 



Denoting the radii of the escribed circles by 
/, we have the 

area of triangle BOC | ar^ \ 

,, CO A r \br^\ 

,, AOB^^lcr\ 

Hence, adding the two last, and subtracting the 
first, we get 

S * 4 (4 4' c - a) r' « (i - 


therefore 


(148) 


s “» a 

Similarly, 

r" ^ jL., ^ 
s ~b 

C« 49 ) 

and 

Q 

^tn ^ ^ 

1 »- r* 

(iSt') 
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Alternative proofs of the equations (47)"-(so) may 
be given. Thus, see Eg. (147), we have 

OF ^ AF= tan ; 

that is {Seguel, IV. Prop, i.), 

ri" (s - a) tan I- A. 

Hence r = k " Cl Z. MlZi) = ,*?. 

'S S s' 

and similarly for the others. 

66 . To find tfie Clreumradlus or a Tri- 
angle in Termii or Its liides. 

Let R be the circumradius ; then (Art. 5 1 ) 

a . zS . . 

= (145); 

, . a zS 

therefore » -7*- . 

zR be 


Hence 


67. To find tbe ilrea ora Cyelie %iiadidLla- 
teral in Terms or its §ides. 

Let ABCD be the quadrilateral, and let the sides 
and diagonals be denoted as 
in the diagram ; then, since A/^ 
the angles B, D are supple- / 
mental, we have / \ 

P sz z ab cos B W rj 

(Art. 61) (o), ^\l / 

I)\r e Z7C 

8*=£* + rf»+2frfco8^; 
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and eliminating S, we get 

p ^ ^ 


cos B - 

Hence sin^ IB - 

and cos'^’^B- 


2 {ah 4- cd) 

/if \ab \ id) ' 

{a T h)^ -{c-^ df 
4 {ah *f cd) 


Now, putting s for the semiperimeter of the qua- 
drilateral, these equations give us 


sin IB ■ 
cos h B 


Hence 

sin 


- a) {s - h) 

j 


ahved ’ 

^ ^ c){s - r/) 
ah V cd 


(152) 

(*53) 


ah -\ cd ■ ^ 


Now, if S donotc the area of the quadrilateral, we 

have 

*S* I {ah h cd) sin B (Art. 63) ; 

therefore S {s - a) {s ■■ h) ij - c) {s - d). (155) 

6V. I— If wo substitute the value of cq% B In 
equation (a), page we get 


„ ^ {m -f hd) {ad + k) 

{ah + cd) 

(» 56 ) 

{ac 4 - hd) {ah 4 cd) 

(aii+lcf - 

(«S 7 ) 
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Cor. 2 . — If R be the circumradius, we have 

h 




2 sin 


Hence 4 .R 


_ {ac + i 
~ yl(s-a 


bd) {ah ^ cd) {ad + be) 


){,^h){s-^c) {s-^d) 


• (158) 


68. To express the area of any quadrilateral in terms 
of its sides and a pair of opposite angles. 

We have (see last diagram), 

{ad sin A\bc sin C ) ; 


but cos A — , cos C z . 

2,ad IOC 

Hence 

zad cos A - zbc cos C - a^ d‘^ — b"^ -- 
therefore 

(a + - cf = /yad cos* ^ A + sin* J C, 

and 


(b + cy - {a- dy = jyad sin*iA + 4.be cos* i- C. 
Hence, multiplying and reducing, we get 

{s - a){s - b){s - c){s - d) = i{ad sin.^4 +^<: sin Cy 
+ abed cos^ i{A + C) ; 

therefore 

= (s - a){s - b){s c){s- d) - abed cos^|- {A 4- C). 



PROPERTIES OF TRIANGLES. 


91 


S9. Being given the side of a regular polygon of 
ides, to find the radii of its inscribed and circum-- 
ibed circles. O 

Let AB, a side of the 
lygon, be denoted by a. 
t O he the common 
citre of the circles ; B, r 
3ir radii. Let fall the 
rpendicular OD ; then 

TT 

e angle ADO = — : and 

2 D E 

,m the triangle ADD we have 

AO . sin AOD = AD; 

. TT a 
/c.sm — = - : 
n 2 

7 i = — (160) 

. TT . 

2 sm - 
n 

AD ~ OD ~ tan A OD ; 

a TT 

— -f r = tan -- ; 

2 n 

r = — - — . (161) 

2 tan — 
n 

Cor. I. — ^The area of the polygon, being « times 
he triangle -4 ( 9 i?, is 

=: n . - . r - ncd . cot (162) 

2 4 


at is, 
erefore 

gain, 
rat is, 

rerefore 
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Cor. 2. — Area = nJR !^ . sin - cos 

n n ^ 

TT 

Cor. 3. — ^Area = ;2r^.tan ,(^64) 

Cor. 4. — The area of a circle, whose radius is r, 
is irr^. (165) 

For the circle may be regarded as the limit of an 
inscribed polygon of an indefinitely large number of 
sides. Now if n be indefinitely large, 

TT TT 

tan - = 

?i n 

Hence, from Cor. 3, 

area = = tt^. 

n 


Cor, 5. — If $ be the circular measure of the angle 
of a sector. 


area of sector 


2 


(166) 


Exercises. — ^XXXV. 

1. The sides of a triangle are 18, 24, 30; find the radii of 
its inscribed and escribed circles, and the diameter of its circum- 
scribed circle. 

2. If two angles of a triangle be 75*’ and 45“^, respectively, 
and the included side 24 feet, find its area. Prove 

area = =. 

^ cot A + cot B 

3. Prove that the bisectors of the angles.^, Bf C of z triangle 
are, respectively, equal to 

2dc cos ^A 


2ca cos J B 2ab cos h C 
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4, Prove tlsat the of tiu* si<k*H of the pedal triangle?^ 

that is the tri.in|.'k* formed by joining the feet of the perpendi- 
culars, arc— 

a cos Ay //COh/>\ eroHf’, respertivefy. 


5. Prove 

6 . „ 

7« o 

8 . 


r ^ ^ r"'' 

2 2 Z 

ti sin \ ft sin J (* 

4 *.'os I A 

, fl «*r»H * // t'r»s t ( ‘ 

roH ,A 


9. Prove that the angles «{' ihe* pctlal triangle are, re^peo 
tivdy, 

v 2 Ay ir »“ 2 /i?, V 2 C, 

ai 


10. 

Prove the area S 

«T_ - 

2 (cot /* - cot /?)’ 


11. 


f# 

y /' PPV'F 


12. 

*T 


rW”" 

.r 


13. 



2 fl 4 c / A // 

1 cos .cos •-.cos 
a>\ 2 2 

n 

14. 



1 sin A . sin B , sin ( \ 


ts- 

»» 


4 Bt [mm 1 A . cos § // . coh | 

c). 

16. 


yy m 

cot 1 A . col 1 B , cot | f/. 



17. Prove that the area of the ia<irde : area of triaiigli- 
: : r : cot I ^ . cot | B . iM | Cl 

18. Prove Ifmt the perimeter of the pedal titangle h eqml to 

§£ mn A sin if aim C. 
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In the identities, 19-28 inclusive, A + £ ^ C == t. 


19. Prove sin 2 A + sin 2Bj- sin 2^=4 sin A sin £ sin C, 


20 . 


- ^ ^ -4 ^ C 

sin .4 4 sm ..54 sin L = 4 cos — cos — cos 
222 

21 . 

Mi' 

JJ 

sin A 4 sm..a~sin 0 = 4 sin— > sm cos — . 

222 

22. 

3) 

.. r, ^ . A £ C 

cosA 4 cos.a 4 cos 0 — 4 Sin— sm — sin — = i . 

222 

23 * 

33 

cos 2^ 4 cos 2^ 4 cos 2^74 4 cos .4 cos.^cos< 74 i~o. 

24. 

33 

ABC 
cos — h cos — f- cos — 

2 2 2 



TT — A 7 r--£ TT C 

ss 4 cos cos cos . 

4 4 4 

25- 

33 

A £ C 

cos — 4 cos cos — 

222 



. tt — A . TT — B tt —■ C 

= 4 sin sm cos — — . 

4 4 4 

26. 

33 

cos^A 4 C0S2.54 cos^t 74 2 cos A cos B cos C— 1=0. 

27. 

33 

2 sin^^ sin^ 4 2 sin^B sin^ C 4 2 sin^ C sin^A 


= sin^ A + sin^ J? + sin^ Ci-^ sin A sin £ sin C, 

28. ,, sin^.^ + sin^^ 4 sin3 6" 


A £ C 'kA %£ 2 C 

= 3 cos — cos — cos - + COS — cos ~ cos — . 

222 222 

29 . If a, 7 be the lengths through the vertices and the cir- 
cumcentre to meet the opposite §ides ; prove 

— = sinugsin r 3 sin* C sin ^ 7 _ sin A sinB 

2 r cos {£ - c)^ 2 r ~ cos (c-lf)’ 2”^ 

30 . Prove 2i? + 2 r = a cot ^ 4 cot ^ 4 ^ cot C. 

31 . Prore a = , 

Sin 1 *.^ sin ^ C cos ^B cos 
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32. If a', V , d be the sides of the triangle formed by joining 
the centres of the escribed circles ; prove 

a — a! sm — , 0^0’ sin c — c sin — . 

2’ 2’ 2 

33. In the same case prove that the area of the triangle whose 

ahc 

sides are a\ h\ d is — . 

r 

34. Prove that the distances of the centres of the escribed 
circles from the centre of the inscribed are 


A ^ B C 

a sec — , b sec — , c sec 

2’ 2 2^ 


respectively. 

35. The perpendiculars of a triangle are respectively equal to 


cot Jj5j+|cot I C’ cot J C + cot cot ^A + cot ^B‘ 

36. If e, d ^ e” be the reciprocals of the perpendiculars of a 
triangle, and if ^ = 2<r ; prove 


Vor (<r — <?) {<r — d) (<r — d*) = 


4*S* 


1 137. In the same case prove 
sinM = 

2 «'«" 

38. If xydryz zx := 1 1 prove, by Trigonometry, that 

X y ^ ^ 4.xyz 

1 _ ^ 2 ) 

39. If ra, n, Tc denote the radii of the three circles, each 
touching the in-circle and two sides of a triangle ; prove 


r^ — rtzx\^^{B^C)y rh = riiin^^(C-\-A), re = r I {A JS), 
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40. Prove 


-i(: 


<22 -1- ^2 4. 


cot .^4 + cot -5 + cot C 


= \[a^cot A + 5 -^ cot B-\- c^cot C). 


41. Prove 


cY cot + cot J- 5 + cot ^ C 

j^lp- cot A + cot jB 4- cot C 


42. If i?j r denote the radii of the circumscribed and inscribed 
circles to a regular polygon of any number of sides ; R',r* cor- 
responding radii to a regular polygon of the same area, and 
double the number of sides ; prove 


R' = vC^, and r* = . 


43. If B', C be the angles subtended by the sides of a 
triangle at the centre of its inscribed circle ; prove 

4 sin sin B' sin C — sin A + sin + sin C. 

44. If -4 -I- A 4- C = TT ; prove 

cos A cosB cos C 

rr ____________ 4. ■ - — 2 

sin -5 sin C sin C sin A sin A sin B 


45. If the distances of the centre of the inscribed circle from 
the angles A^ B, C of 2i triangle be denoted by respec- 

tively; prove 




and 


cos^A ^ cosJ5 ^ cos 1 5 i i i 

4. 1 ss — 4- ^ 4 " 

d e f a b c 
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SOLUTION ol‘ TRIANLLLS. 

70. Every h;iH nix partn, iiriuM'lr, flir ilirrr 

sides aru! Ui«’ three Wle-n aur tfirne «ii 

these six parL^ exc<'’pl tie* fhr*^’ aje.'h ':, atr givni, 
the three ritraaiiiini^ |>arlN rnin he i ; fhr' |irii.« 

cess of doing' wlilch in ralh'd My 
T he reason lliat the thrre aneh-^n arr- p.;, 

that they an; not iinh^liernhoit : fhr f ion , h 
if two of lliein tw* ll#r i.hird jn ilrfi>rtnirird. 

Triangles in trigon«nn*.’fr5‘ are flividf'd inf.i rig}il' 
angled anti oldi*jiie, 11^-* nMlnUoit *.if tin,’ forriie? 
has been already given. \\\: now givi’ ih.ii of 
latter. 

70 There arc four raxes of oljliij«i,;ainglcd tie 
angles— 

I. A Side mid /»# migkx, 

II. 7w§ iitks and am amgk ^fpptnik h *ff ik«m. 

III. Two Sides ami ih imdfukd 
I?. 77 if ikrei sides. 

Ca«# a ami C are ike gimm angief^ amd 

a tki gimn side ; 

then A -1 1 - (jff 4 C% 
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, . b sin^ 

A.g's.in, “ — . z > 

° <7 sin .<4 

therefore iog^ - log^z = log sin.^ - log sin.^4. 

Hence, adding lo to log sin^ and log sin /I, we get 

logZi = log a + Log sini? - Log sin^. (i68) 

Similarly, 

log^- = log^z + Log sin C - Log sin A. (169) 

The equations (i67)-(i69) determine the required 
I)arts. 

If A, B be the given angles, we have 

and c are found as before. 

Exam PLE . — Given 

= 38° (7 = 60®, a = 7012.5, 

ii is required io find the sides b, £. 

Type of the Calculation* 

A 180 ; A 47' 12'^ 

log a » 3.845S729, Log sin C = 9 - 937 S 3 ^- 
Log sin B = 9.7914038, Hence log c = 3.7878810; 

Log sia A a 9.9955225, £ » 6135.94. 

log ^ « 3.6417542. 

Jti«nce h « 4382,82. 



SCiLUTinN U|« THI AX^iLl.S. 




EKmci^Es.^-KKKVL 


1. 

Given a 

. 90 , 

Ji 


C 

tzrti , 
r..i|t. tilifr 

r, , 4 . 

2. 

a « - 

■ 479 » 

A 


/I 

■ 41 ' 

ralmlrilr 

c* 

3 - 

n ^ '■ 


A ■ 

- 70 ' 

//■ 

41 * 4 F; 
t'airnlalf! 

r, r’ 

4 . 

«■ ■^■■ 

. 090 , 

// - 


C : 

■or F; 

r, 4 . 

5 * 


i Ci 4 f 2 , 

4 

7 *^* SS * 

C 

■ 

^ ;«ksit'ilr 

I\ r, //. 


6. A transvctt».il ilividr^ f>iic tif ifir f4 aii r*|iiiiatrr4i 

triangle in fin: raiio 2 : i ; in wlj.it rMin il tbr 

oppomte sitic? 

7, If a pnnilk'l thr kaHC /A* i 4 ' a Iri4figlr A/iC fir 

drawn, so that AF f t*F; imi the knglli «#f „FF, 

given 

a ' ■ It - 47’» 24k C fi 7 '* 2 2'. 

B. Being ifivi-w tlie nf .1 trn|ir/inm and tkr lfri||t.lw «!' 

the parallel j#i«k'§ ; dmw liow to raktjiair Itic rcfiiakiiitg "4ifoi. 


72. Cam n.“— 6*#Wri <?, I, iki mgk in mkM- 
late B, C, c. 

--- , »iri B it 

We have ■■■,■ - ^ ^ 

itii A a 

Hence 

Log siB B Log sill A + log I - log «* (170) 

Since the sine of ant angle? m ^c|iial to llif* sine of 
iti snpplemenL wlieii m. angle of a irianglc ii fotiiil 

m t 



m 
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SOLUTION OF TRIANGLES. 


from its sine, it is sometimes doubtful which of the 
two supplemental angles having the given sine is to 
be selected. This happe 7 is when two sides and the 
angle opposite to the less are givefi. Thus, if A CB be 
a triangle having ^(7 greater than CB ; then, if CD 
be cut off equal to CB, the circle described with C 
as centre and CD as radius will cut the base AB in- 
two points, B, then, joining CB\ we have two tri- 



angles, ACB, ACB', having the parts h, a, A exactly 
the same in both, although their remaining parts are 
different. Hence these two trianges fulfil the re- 
quired conditions. On this account this is called 
the ambiguous case in the solution of triangles. 

When two sides and the angle opposite to the 
greater are given, there will be no ambiguity, because 
the angle opposite to the less must be acute- 

73. The angle B having been determined, C is 
given by the equation 

A-\- B ^ C-= r8o^ 

and then the third side can be calculated as in Case l 
I t can also be found as follows : — 

■ # 

We have ^ zbc cos A ^ ; (oO 


SOLUTION OF TRIANGLES. mi 

and solving as a quadratic we get 

c -- if cos A i sin^ A. 

If be less than Z> sinyl, the values of c will be ima- 
ginary, and there will be no triangle answering to 
’the given conditions. If a^i/ninA, the angle B 
will be right, and there will be no ambiguity, 
lastly, if a be greater than if sin there will be two 
real values for c\ In order that each may be posi- 
tive, cos'M must be greater than - P sin^A, or 
a must be less than as before. Hence, in the ambi- 
guous case, a must hi less than h and greater limn 
b sin A, 

Example,— G wen a y, b B, A 47' 45", io 
find JB, C, c. 


Type of the Calculation, 

Log sin B -5 Log sin A 4 log h - log a. 
Log sin /I ^ 9.6686860. 
log b ^ .9030900. 
log^ .B4509S0; 

therefore Log sin i? 9.7266780. 

There are two solutions — 



B 

JZ® iz' 15", 

or 

Mr. 

« 47 '’ 47 ' 45 " 

Hence 

C 

IZO®, 

or 

C ^ 

4 ° 24 ' 30 " 

and 

r s. 

* 3 > 

or 

c ^ 

1.15385. 
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Exercises.-~-XXXVTT. 


I. 

Given 

« = 34 S. 

= 695, -4 2 F 14' 25", 

to fmd i?, < 7 , c. 

2. 

jj 

a = 77.04, 

h = 91.06, A 4F 13' 

to find Ity Cj c. 

3 * 

ft 

a = 30g, 

h =2 360, A rr. Z 14' 25'q 

to find //, < 7 , c. 

4 - 

ti 

a - 83.856, 

^ = ^3-^53, = 68" 10' 24% 

to find (7, r. 

5 * 

t) 

a = 27.548, 

^ = 35 -C)SS» iz'\ 

to find Aj c. 


6. Given of a parallelogram a side a » 35, a diagonal d = 63, 
and tlie angle between tlie diagonals rs 2F 36' 30'" ; it is rectuired 
to calculate the remaining side and the remaining diagcmal, 

74. Case ni. — Givm b and ihe angle C, to find 

A, c. 

From Art. 59 we get 

a •'t b : a - b :: tan J {A + B) : tan J {A - B). 
Hence 

Log tan i (A - B) ^ log {a - b) 4* Log tan i (A + B) 
-log (a 4^). (172) 

Now, since C is given, its supplement (A + //) is 
given; and equation (172) determines 
Hence A and B are found. 

The side c can be computed from formula, Art. 57 , 
which in logarithms is 

log c « log {a + h) 4 Log sin j- C Log cos i (A -« B) 

(' 73 ) 
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be found also by means of the 
^ of Exercises 3, 4, Art. 61. 

{i/en <2 = 601, 5 = 289, ^ = 100^ 19' 6'', 

yp€ of the Calculation, 

log <z - 5 = 2.4941546 
log <2 + 5 = 2.9493900 
' 54 -^' Log tan +^) = 9.9213621 

Log tan -.^) = 9.4661267 

-^)= 16^=18' is " 

f 50' 27"; 

^ = s6°8'+2", 
iB =3 23° 32' 12". 


;XERCISES.— XXXVIII. 

232, 

6 = 229, 

C = 15® II' 21", 

to find A, B, c. 

5*32, 

i = 3476, 

6^= 126“ 1 2' 14", 

to find A, B, c. 

20.71, 

&= 18.87, 

C=55"I2' 3", 

to find By c. 

S.54, 

6 = 6.39, 

C= I2‘»3S' 

to find Ay B, c. 

3184, 

5 = 917, 

C= 34 ° 9 'i 6 ", 

to find Ay B, c. 


an equilateral triangle be divided into three 
:nlate the portions into which the opposite 
liy tlie Ipies connecting it with the points of 


I the diagonals of a parallelogram and their 
ftliow how to calculate the sides. 
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75. Case IV . — To solve a Iriangle, being given ike 
three sides. 

We have r = (equation (64) ) ; 

and taniA- (Art. 65). 

s - a 

Hence 

log?'=i {log(^ ~a) + log (j-^) +log(^-£r)- log.r). 

(174) 

Log tan i A == 10 4- log r - log (s--a). (175) 

Similarly^ 

Log tan i T = ro + log r- log (s - b), (176) 

and 

Log tan i- C = 10 4 log r - log (s - e), (177) 

Example. — Given 

^=13, ^ = X4, ^ = 15; calculate A, B. C. 


! 



7 jpe of the Calculation. 


'll 1 

13 

log (x-<l)« 

.<^030900 

ii 

b - 14 

log (s - 6 ) r. 

.B450980 

1^' ! 

'1'' ' 

r - 15 

lOfr = 

•778*5*3 

’ 

IS » 42 


1.5263393 

f!’ i 

X « 21 

log s « 

1.3222193 


s -- a ^ B 


f - ^ = 7 log r 

s- c ^ 6 10 4 log r 


1.2041200 
« .6020600 

« 10.6020600 
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lence Log tan i-A = 9.6989700. 

„ Log tan i .B= 9.7569620. 

„ Log tan = 9.8239087. 

lence 

A = 53" / 4B.38", B = 59 ^ 29' ^ 3 *iB", 

C = 67° 22' 4.8.44". 


Exercises. — XXXIX. 


I. 

Given 

a = 317, J = S33, <r = 5I0: ' 

calculate .4, -5, (7. 

2. 

>> 

II 

00 

n 

S' 

il 

,, i?, 

3* 

jf 

a = 17, 5 = 113, c = 120; 

,, .<4, By C. 

4- 

ff 

a = 15.47, 5 = 17.39, ^ = 22.88 ; 

„ .4, i?, C. 

5* 

a 

« = S^34> ^=7268, c = g 3 is; 

,, .<4, By C> 

6. 

)) 

a-gg, loi, = 158 ; 

„ a 


Miscellaneous Exercises.- 

—XL. 

I, 

Given 

a = 7, & = 8, {7= 120®; 

find t7. 

2. 

?> 

a = 516, ^ = 219, (7=98^54'; 

,, .<4, i?, (7. 

3* 

>> 

^ = i8^ a = 3, ^ = 3 4 V45 solve the triangle. 

4. 

j? 

^ = IS'>, <1 = 5, 5 = 54.^75. 

>> 

5‘ 

If the angles of a triangle be in the ratio 

1:2:7; prove 

that the greatest side : least : ; V5 4 i : 

“■ I. 



SOLUTION OF TRIANGLES. 


io6 

A 6. 


Prove a = {s . sin ^ A) cos ^ B cos C. 


7. The angles of a triangle are as 1:2:3, and the diffe- 
rence between the greatest and the least side is 80 yards ; find 
the area. 

8. Given « = 18, h — 2, ( 7 = 55° ; find being given 

log 2 = .3010300, Log tan 62° 30' = 10.2835233, Log tan 56° 56' 
= 10.1863769, tab. diif. for i' = 2763. 

9. Given A — 30°, at = 3, ^ = 3 V3 ; prove C = 90°. 

10. If C" be the two values of the third angle in the 
ambiguous case, when a, b, A are given, and b greater than a ; 
prove tan A = cot -I- (C C') , 

11. The area of an in-polygon : area of corresponding circum- 
polygon as 3 : 4 ; find the number of sides. 

12. Given Log sin 59° 37' 40"= 9.9358894, diff. for io"= 124, 
and Log sin.^ — 9.9358921 ; findu 4 , 

13. The sides of a triangle are as 9:7, and included angle 
s= 64° 12'; determine the remaining angles, being given log 2 
= .3010300, Log tan 57'’ 54' = 10.2025255, Log tan n® 16' 
= 9.2993216, Log tan II® 17' = 9.2998804. 

14. If the alternate aftgles of a regular pentagon be joined ; 
prove interior : original pentagon : : 3-^5 : 3 + V5. 

Solve the questions 15-18, without logarithms. 


15 - 


C = 2 V3, 

^ =30“; 

prove C = 90°. 

16. 

II 

II 

I 

c = 3 V2; 

„ C - 120® 

17- 


I + 

c = V6; 

11 

18. 

a = 12, 

7 . 399 

= 45 “ ; 

„ 2? = 36“. 


19. If the angle A of z triangle be very obtuse, show that the 
circular measure of the sum of B and C is very nearly 




{a+b ■^c){b ~>rc — a] 


SOfJJTKJN OF 


mj 


20 . If the shle cif the Ij.im* of a -Hfiuare jiyrayh*! : Iriij^th at' 
an edge :: 4 : 3*. thid the ^dr»pe of rarit fair, being given 
log 2 “ .3010300, l*og tan 2#r- 33' o.Of/HoKrM>, dill, for 1' 
=■ 3200* 

2t. The sidt's of a triangk arc 7, H, «>; fntd the artrus of the 
inscrihed and escribed eir* h:%. 

22. If an angle of a Iriaiigle be and the iricdiiding Hides 
19 and I ; find fhir til her angles, l»d»g given log 3 'r ,4771213, 
Log tan 57'‘ i</ n" ■ 10.192-H032. 

^23. Prove - P : : Hin f*: sin {/I ••■■■ //). 

24. Tilt: llirrc shieH of a Iriangh' are tg to, tt ; find Log 
tan of the smallest angle, being given logs ■ .;foicr|f,itn log j 
= .4771213. 

25. If tan I /I, Ian J //, tan | C k: in k 7 \ firove 

4 ■■ — 

a a f 


26. If in a triaiiglr ,d 

27. Solve a triangle: 
and the area. 


2/1 S' .ff*, |»mve rr 4 y.sin 
b€*ing gi%'rn life sifle #1, tin: angkf /f, 


2H, Solve: a Irkngtr, knowing an angle and iwo altitudes. 


29. Solvr M triai'igir; being given the ttit angle* 

and the area. 


30. Solve a li'kngle ; kniig ifivrn ihr area, die sidr 1:* a«el 
liiC diflctencr of llir adjaei^nl anulrs.. 



CHAPTER IX. 


APPLICATION OF THE SOLUTION OF TRIANCxLES 
TO THE MKASUi^EMENT OF HEIGHTS AND 
DISTANCES. 


76. To find the Heiglit and BIgtaaee of 
Inaceeiisllile Object on a Horizontal Flane. 

Let CD be the inaccessible object; A, B Wo 
points in the plane ac- 
cessible to each other; 
and from each of which 
the summit C of CD can 
be observed. 

I®. Suppose the points 
Ay B, D io be collincar, 
and let the angles of 
elevation DA C, DBC be 
denoted by a, /3 respec- 
tively; then in the triangle ABCy the angle 

ACB a — 

Hence AC : AB : : sin /3 : sin (a - p) ; 

AB mn^ 



therefore 


AC^ 


sin (a-^)' 

But in the right-angled triangle ADCy we have 
CD ^ AC sin a, AD ^ AC cos a f 
AB sin a sin 0 
sin (a « ^ 


CD^ 


(178) 


therefore 







no 


HEIGHTS AND DISTANCES. 


therefore 


BC^ 


AB sin a 
sin (a + * 


In like manner, from the triangle ABB we get 


7 ? 7 ) = 

Sin(a'+ygy 

These equations give us the sides BCy BD of the 
triangle BCDy and the contained angle is - jS'). 
Hence CD can be found by Case iii. of the solution 
of triangles. 

78. To iiiid tlie Meiglit of an Inaccessible 
Object situated above a Horiseontal plane, 
and its Meigbt above tbe Plane. 

Let CD be the object ; AB the base line ; a, ^ the 
angles of elevation of C from A and B respectively ; 



•a' the elevation ofi? from A. Then, from equation 
(17^), we have 


AE = 


AB s ia aX QS.^ 

'~^rW 


DE^ 


AB tan 

sin (a - ^) 


Hence 


PIEIGHTS AND DISTANCES. 


Again, from equation we have 

AB Hina, sin P 
EL ^ • 

Hence 

__ AB sin /? . . ^ ,, 

CD = — — “v'c {sma - cos a tan a I 
sm(a-/3)' 

ABm\(a-ii')m\P 

^ ' / • / ijf \ * I ^ ^ / 

cos a sin (a ■ - fi) 

79. To iiodl tlie l^i»taii€e of an €li>Jeet o» 

a Morizontal Flane, froio #iiMeriratlom 
made at two Foliftti» Ixi tftie umme Wertleal, 
aliove the Plane. 


Let Ay B be the points of observation ; € tlir 
point observed, whose hori- 
zontal distance CD and ver- 
tical distance AD are re- 
quired. Through AB draw 
the horizontal lines Aa^ Bb, 

The angles aAcy hBc arc 
called the angles of depres- 
sion of C ; let these be de- 
noted by 3, S'. Now, it m , 

evident thaiBD^ CD tm 8% ^ 

AD = CD tan S. 



Hence^ 
that is 

Hence 

and therefore 


AB a CD (tan S' -- Ian S) ; 

AB = — 

cos S' cos 8 

rn _ • <=os 8 cos 8' 

sin (8' -af ’ 

^ • CO* ^ 

sin(#-8r~' 


(t8i) 

C»8J) 
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8o. Ay By C are the angular points of a trianghy the 
lengths of whose sides are known; D is a point in the 
plane of the triangle y at which the sides ACy BC sub- 
tend given angles a, yS; it is required to find the dis- 
tances ADy BD. 

Let the angles CAD, CBD be denoted by x, y, 
respectively; then, since the D 

sum of the four angles of the 
quadrilateral ACBD is four 
right angles, and the sum of 
the angles ABB, ACB is 
(a + y8 + C), the sum of the 
angles Xyy is given. Now, 
denoting the • sides of the 
given triangle by a, h, c, we 
have from the triangles ADC, 

BDC, respectively, 

b sin.ir 



B 


CD^ 


sin a 


CD- 


a sm j/ ^ 
sin/3 ’ 


therefore 


sm X ' a sin a 


sin^ b sin yS 
Now, assume an auxiliary angle <!>, such that 


tan <j> 


a sm a 


^ sin/3’ 

then ^ can be found from the tables : thus we have 

sin X ^ tan ^ 
sinj/ I 

sin X - sin_y tan ^ •“ r 
sinx + sinj/ tan ^ + i ’ 


Hence 
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i ‘3 

ihi/reforc 

'“f 'V 

tan ,3 i.v i 4; 

(184) 

HiUiro f.r - 

y) \k di*t(Tniiiic{l, .sinw (.v + )-) i,s known ; 


l,htTt!fiirt! A" umlj am be found, ami the question is 

sol vet! . 


K:XKKr!sK.s.»»--Xf J. 

1. A tivi'T 3fy> lrc:t wifir tuns at tin: fmjt af a tower, wliich. 

all aoid«* 2^‘'3o'at tho c*tb»o of the* remote bank ; 
f!li»l ibr of fbe ttiWsrr- 

2. At irfi IVorn Hie fool of a tlie elevution k half 

vvli.-il it r <:}! 135 b.’ff ; ImH its beijfbi. 

lof'i'i !|:»r •*' bill, the ani^li; of olovutifin at its foot 

.oai a fn-aiit iVoai the foot a hori- 

/oiiL'il I'laiii: 

If ifo:: lrii|0|j of a roa«:l, in wlih.li the ascent is f in tie 
r*;; liiib"', ivliyil ivifl ihe Imiiub of a /Ju/au fond whidi attains 
the saifif brif'lif, wills an aeriit of t in 12? 

V TIsr' sliadrea' of a lain|’»-|3rot n fc‘r! lon|| K 'yJj^ feet in sun- 
|}|,„'|}f I thr smds alfifinlr, and Ihe heiid'H ai a tower whose 

sliailott^ i'. l2o fci'i. 

i*. A fO'W'rr 51 fret high lias a mark at a tieigbl of 25 feet 
from il'ir gfoiiiid ; fill*! at. wlial dixtaiice frain Hie foot the two 

l«rls ^tiiblr-iid i*«|fial angles. 

llie Mfir'i of a hmimntnl t rum git* AMJarc AB rs. 

AC %H%i liiid the altlmde of a tower C 7 ) if the 

.iiigir A/^/i he 44" 14^ 4%'^, 

K. Alt ol*irf I* whose height is .€//, sitmited ahoec a horizon- 
tal |#Liih% Mililrink an angle a at a hseri iwliit E in the plane ; 
tlririfiiinr tlie aiigirs of ileprc^skm of A" as seen from A and II 

•I ’I lic iiitglr* of a triamgk are a« 1 i a j 3, and the perpendi- 
< s* f fftiin thr ifrealKst angle cm the opporite mie m 30 yards ; 

« >ilriilit!r llir fifde^. 


I 


II4 
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lo. At two points A, B, an object DA, situated in the same 
vertical line CE, subtends the same angle a. If A BC be in 
the same right line, and equal to a and h respectively, prove 


DE — {a tan a. 


1 1 . From a station B at the foot of an inclined plane BC the 
angle of elevation of the summit A of a. mountain is 6o°, the 
inclination of BC is 30°, the angle BCA 135°, and the length of 
BC 1000 yards ,* find the height of A over B. 

12. If a line^D subtends a right angle at the foot of a tower, 
and if the angles of elevation at A and B be 30® and 18®, 
respectively; prove 

height = — - — 

+ 2 \/5 

13. A spherical balloon, whose radius is r feet, subtends an. 
angle o, when the angle of elevation of its centre is ) 3 ; prove 

height = r sin cosec J a. 

14. Find at what distance asunder two points, each 12 feet 
above the earth’s surface, cease to be visible from each other, 
the earth’s diameter being 7926 miles. 

15. ABC is a right-angled triangle, of which Cis the right 
angle ; if the angular elevation of a steeple at A from B and O’ 
be 1 5® and 45® respectively, prove that 

tan.5 = J{3i-3-i}. 


16. If the angle of elevation of a cloud from a point h feet 
above a lake be a, and the angle of depression of its reflection 
in the lake ; prove 

, . , h sin ^ + a 


' 17. From the top of a cliff h feet high the depressions of two 
ships at sea, in a line with the foot of the cliff, are 5 , respec- 
tively ; prove distance between the ships = k (cot B' — cot 5) feet- 

18. Find the side of an equilateral triangle whose area cost.^ 
as much in paving, at 8 d. per square foot, as the paUisading of 
the three sides at ys. per foot. 
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. 19. The annual parallax of the star a Centaiiri is .75", and the 
radius of the earth’s orbit is 92,700,000 miles ; find the distance 
of a Centauri. 

20. A right-angled triangle rests on its hypotenuse, the 
length of which is 100 feet; one of the angles is 36'’, and the 
inclination of the plane of the triangle to the horizon is 60'' ; find 
the height of the vertex above the ground. 

21. A station at A is due west of a railway train at B; after 
travelling N.W. 6 miles, the bearing of A from the train is 
S.S.W. ; required the distance AB. 


22. From a point on a hillside the angle of elevation of an 
obelisk on its summit is a, and a foot nearer the top it is )3 ; if A 
be the height of the obelisk, prove inclination of hill to the 
horizon is 


COS"l 


a sin a sin j 9 1 
sin {)8 -- a) j ' 


23. A, Bf 6* are telegraph posts at equal intervals by the side 
of a road ; r, r' are the tangents of the angles which AB, BC 
subtend at a point P\ and Tis the tangent of the angle which 
PB makes with the road ; prove 


2 _ 
~ — 


I 

T 


24. A balloon is ascending uniformly and vertically ; when it 
is one mile its angle of elevation is a ; and 15 minutes later it is 

; find the rate of ascent. 

25. What is the dip of the horizon from the top of a moun- 
tain 2j miles high, the earth’s radius being 3963 miles ? 

26. Resolve a right-angled triangle, being given the hypote- 
nuse and the bisector of the right angle. 

27. Resolve a right-angled triangle, being given the radius 
of the inscribed circle and the bisector of the right angle. 

28. Resolve a triangle, being given the three angles and one 
of its altitudes. 

29. Resolve a triangle, being given the angle A, the altitude 

and the corresponding median m. 

30. Calculate the angles and the area of [a trapezium, being 
given the parallel sides and the two diagonals. 

12 
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31. Two inaccessible objects A, B are observed from two 
stations C and 1124 feet apart ; the angle ACB is 62° 12', 
BCD 41° 8', ADC and ADB 60° 49'; find the distance 
AB. 

32. If the sun’s altitude be 47°, what angle must a stick make 
■with the horizon that the length of its shadow may be a maxi- 
mum ? 

33. A person travelling along a road takes the altitude of a 
tower, and also its angular distance, from an object in the road ; 
the former is a° and the latter 0 " ; prove, if d be the nearest 
distance of the tower from the road, that its height is 

d sill a 

Vcos (a 4- i 3 ) cos (a - ]§) 


34. A balloon seen from a certain station has an altitude of 
50'’, and bearing N.W. ; what will be its bearing at a station 
south of the former, when the altitude of the balloon is 30® ? 

35. Three stations B, C lie in a right line from south to 
north in the order given ; if 0 , (f> denote the angles subtended by 
AB, BC, respectively, at a station D, prove that the bearing of 
B from D west of north is 


cot 


^ {BCcot(f>^ABcote'i 

\ Tc ~] 


AC 



ANSWERS TO EXERCISES. 


Exercisers. — XII. Page 39. 


2. 

(1) 2.1072100. 

(2) 

2.7092700. 

( 3 ) -5051500- 

3 . 

(I) 1.9084852. 

(2) 

3.3398491. 

(3) -3856065. 

4 . 

(1) 2.5352940. 

(2) 

3.3803920. 

(3) 1.2254900. 

5 . 

1°. (I) 4.3167252. 

(2) 

2.6354839. 

(3) 1.9912260. 


(4) 2.8363240. 

( 5 ) 

- 2375439 - 

(6) i’.S 263393 - 


2°. (i) ,8116246. 

(2) 

.7090810. 

(3) .3598681. 


(4) .4322143- 

( 5 ) 

.2945469. 

(6) 1.6153521. 


3°. (I) 7.6505150. 

(2) 

7.6192803. 

(3) 7.4644438. 


(4) 4-9736780. 

(5) 17.1162465. 

(6) 1.2631696. 


Exercises. — ^XIII. Page 43. 


1 . A 58" 14' 54", 

2. A = 36® V io '\ 

3. ^=36”52'ir', 

4. A =: 42' o", 

5. A ^ 85® 14' o", 


-^=31° 45' 6", 

c = 286.95, 

^ = 36“ 58' SO". 

c = 150.8. 

29 = 53 ° / 49 ". 

C - 20 . 

^=85'’ i8' 0", 

6' •=: ISO. 

j?= 4“ 46' 0", 

6: = 4650. 


ANSWERS TO EXERCISES. 
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Exercises. — ^XIV. Page 44. 


1. 

= 53 ° IS' 

7", 

-5 = 36 ° 44' S3". 

= 1312.7. 

2. 

A = 6r 6' 

10", 

B = 26° 53' 50", 

1 = 171.46. 

3. 

.4 = 31° 24' 

15 " 

^-S8° 3S' 45", 

5 = 733 I- 7 - 

4. 

^ = 56 ° 3' 

0", 

-5=33° 57' 0 ", 

h = 4832.4. 

5. 

= 27° lo" 

35 ^ 

= 62° 49' 25", 

1542 . 55 ' 



Exercises. — ^XV. 

Page 45. 

1 . 

5 = 391 - 79 , 

^ = 935 - 00 , 

B ~ 24*^ 46' 0". 

2 . 

1 = 4832-4, 

^7 = 8653.1, 

- 5 = 33 ° 57 ' 0". 

3 . 

ii 

•-a 

b 

^ = 504-99, 

.5 = 69'’ 50' 43". 

4 . 

5 = 675-30, 

c - 929.00, 

-5=46° 37 ' 34 ". 

5 . 

1 = 1.4610, 

4:= 1.704s, 

- 5 = 58° 59 ' 34 "- 


Exercises. — XVI. 

Page 46. 

1 . 

a= 135 , 

b= 154.27, 

11 

00 

0 

00 

2 . 

a = 792, 

j= 1542.55, 

B = 62'^ 49' 25". 

3 . 

a = 507, 

5= 784-42, 

.^= 57 " 7' 25^ 

4 . 

a: = 96.8412, 

5= 191.13, 

Z?=63° 7' 46". 

5 . 

M 

GO 

I-.. 

6 

00 

II 

S= 193.96, 

j??= 67° 23' 22". 


Exercises.— XXV. Page 64. 
1. 2«7r 4 or (2n + l)ir- 

2- nir H — . 

“ 4 


3 . 


nir + a. 
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Exercises. — XXVI. Page 65. 


2. « = -- 

2n + I ^ TT 

3. — 7 — w, or 0 = i 

o 3 

. WtT ^ IT 

A 0 = — , or = 2 ?zv -I — . 

2 ’ -3 

ir 

5. 0 = wtt, or = wtt + 

— ^ 

^ 2«7r TT 

6. fl = — , or = ■{ . 

4^ 5 “ 15 

TT TT 

7 . 0 = 2«7r H h - . 

■* 3 4 

8. 0 = (2« 4- I) p or = — . 

9. 0^^11+lh, > or 

10 O 0 


10 - 0 = 2«7r + 


11. 8 = ( 4 W - i) p or = { 4 « - I) 

^ TT 2?iir TT {2n + l)ir _ir 

12. e = (.»+.)-, or = _ + or = 


Exercises . — XXVII . Page^6 7 . 


1 . 

2. 

3 

4 . 


0 = WIT + 

4 

IT 

0 = nif i — 


0 = WIT f . 
9 = «*• ± 7- 



5. 

6 . 

7. 

8. 

9* 

10 . 

11 . 

12 . 

13. 

14. 

15. 

16. 


ANSWERS TO EXERCISES. 

w 

0 = WTT, or ~ 2//W f 


I = me “I — •. 

3 


6 — mr + 


0 = (« + |)7r, or ™ 4* 


> = WTT + 


0 =s zme f 


a 4. r", «jr 4- 

4 ^3 


24 


» ;r mr — ' , or nv. 

4i 

f rr: 2«7r 4* 7*. Of ' (2-^1 f W - ^ * 

6 ' b 

nrr T 
^ ^ 4* - . 

2 " ‘24 

TT 

I - a/'/w 


w 

I Ks. 2«7r -f 

3 


11 . 

12 . 

18. 


Exerci.sks.— XXVIIL Pa(*i 68. 


X SB 4 ; m 

** =- (5 - * 

I 

» - I or 


« 4“ ^ ^ 
iTal' 


14. 


jc w 0, or ;|* 
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Exercises. — XXIX. Page 72. 

J V « + cos a j 


1-3. x=z2nv-^-‘ ^ = tan- 
2 


5. .V = -. 

4 


IT ^ — sin a \ 

- ; ^ = tan-^ I j ; 

:osa 
V2 

I ± V17 


\cosff — b 

. / N '»■ • 1 / cosa\ 

4. = ( 2 « + i) or sill‘d 


6 . X = WTT, or tan^jif = 


8 


Exercises. — XXXVI. Page 99.’ 


1. 

S= 542.850, 

595-638, 

A=i f 21 '. 

2. 

*= 331-657, 

£= 392-473, 

C 7 = 54 ‘» i8'. 

3 . 

& = 567.688, 

c = 663.986, 

C = 55 *^ 20\ 

4 . 

S= 630.771, 

^ = 929.480, 

^ = 77“ o'. 

5 . 

* = 5686.00, 

^ = 5357.507 

5=56'’ 56'. 


Exercises.- 

-XXXVII. Page 102. 

1. 

.8= 46“ 52' lo". 

£ 7 = ni° 53' 25" 

, ^ = 883.65, 


or 133° 7 ' 5 °"- 

or 25° 37' 45" 

or 411.92. 

2. 

-^= 51 ° 9 ' 6", 

6"= 87° 37' 54 " 

, <:= 116.82, 


or 128° 50' 54". 

or 9° 56' 6' 

or 20.172. 

3 - 

B = 24“ 51' 54", 

<^=133° 47 ' 41" 

, i: = 615.67, 


or 155'’ 2' 6". 

or 3° 43' 29" 

or 55.41. 

4 . 

A = 66'" 5' 10", 

C - 45° 44' 26' 

, c = 65.696 

5 . 

A = 42° 53' 34", 

C = If 5 ' 54 " 

39.453. 
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ANSWERS TO EXERCISES. 


Exercises. — ^XXXVIIL Page 103. 


1. 

85" II' 58", 

£ = 79'* 36' 40", c = 61. 

2. 

A = 32° 28' 19", 

B = 21° 19' 27", c = 77I3-3- 

3 . 

A = 67° 28' 51.5 

.5=57'’ 19' s-s", 18.41. 

4 . 

A = 136“ IS' 48", 

•5 = 31° 9' 4", 2.69. 

5 . 

= 133“ SI' 34 ", 

.ff=ii° 59' 10", c = 2479.2. 


Exercises. 

—XXXIX. Page 105. 

1. 

A = 35“ 18' 0", 

Br = y 6 ° 18' 52", 68° 23’ 8". 

2. 

A = 23° 32' 12", 

£=$&“ 8' 42", C= 100° 19' 6". 

3 . 

A = r 37' 42", 

61° ss' 38", C= 110° 26' 40". 

4 . 

A = 42° 30' 44", 

j5=49° 25' 49", C= 88° 3' 27". 

5 . 

= 33 ° 15' 39 ", 

B = So ° s (>' 0", 5 = 95 ° 48' 21". 

6. 

^ = 37° 22' 19", 

.5=38° 15' 41", £ 7 = 104° 22' 0". 


Exercises. — XL. Page 105. 

1 . 

A = 27° 47 ' 45 ", 

.»= 32° 12' IS", C=I3. 

2. 

= 59 ° 37 ' 18", 

B = 21° 28' 42", £7=590.92. 

3 . 

JB = 90° 0' 0", 

£ 7 = 72° o' 0", c =3-/(s + 2'\/S. 

4 . 

.5=45° 0' 0", 

120° 0' 0", ^=5V^(6 + 5V3. 

7 . 

20 V3 acres. 



11. 6, 21, 5ir, 457r, 8oir. 


^ =5^(6 + 5V 3. 
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Exercises. — XLI. Page i i 3 . 

1. 124.26 feet. 

2. 180 feet. 

3. 250 V3 yards. 

4. 4 miles. 

5. 30°, 40 V 3 feet . 

6. 25 Vs I feet. 

7. If the sides of the triangle be denoted by a, b, r, the 
height of the tower by A, and the angle ADB by S ; then 


— <2^ -f 4. 2^2 — 2 V {d^ + + hP) cos S. 

9. 20^3^ 60, WiT 
11 . 500(3 + V3). 

14 - 6 V2 miles nearly. 

18 . 42 V3 feet. 

19 . 50988708000000 miles. 


20. 25 V3 cos 18®. 

21. 6 miles. 

4sm()8~a) , 

24 ;. ~ ^ mues per hour, 
sin a cos ^ 

25 . 2° 2' 22". 


31 . 1459.4 feet. 

32 . 43°- 

34 . N.N.W.JN. 





NATURAL SIXES, KVi', 


' 1 

i 

.SINK. 

SKCANT. 

tan(;knt. 

I 

0" 

O.fXXXXXX) 

I .aXX)DOO 

O.CKXXKXX) 


1 

0.0174524 

i.ax)i523 

0.0174551 

Htf 

2^ 1 

o.0348<>95 

I.CX>OrKX >5 

D.0349208 

KK* 

30 

0.0523360 

1. 00 1 37 23 j 

0.052407H 

87 '* i 

4 *’ 

0.0697 

1.0024419 

O.CX >99268 

86** 1 

5 " 

0.0871557 

1.003H19S 

0.0H74887 


50 

0. 1045285 

j .0055083 

0.1051042 

84** 

70 

0.1218693 

i.cx>75C87^ 

O.I227H46 


8® 

0.1391731 

1.0CX98276 j 

0.1405408 

82" 

9" 

0.156434s 

1.0124651 

o.i 5 ,HjK ,!4 

Hi" 

10 ^ 

0.1736482 

1.0154266 

0.1793270 

Ho" 

n« 

0. iqoHcxp 

: 

f. 01 87 1 67 

o.i() 438 o 3 


12*^ 

0.2079 117 

1.02234(8# 

0.212;566 

IZ 

13" 

0,22495 I I 

1 .02630.1 1 

<.>.23(#SfiH2 

/ 1 

I 4 « 

0.2419219 

1. 030! 036 

0 . 24932>'0 

76 ‘ 

xr 

0. 2588 r 90 

1.0352702 

0.2679492 

75 "’ 

ifT 

0.2756374 

1.0402994 

0.2x97 43,1 

74 " 

17^’ 

0.2923717 , 

1.0456918 1 

<>'y“,7V>7 

: 73 ‘ 

18" 

0.3090170 1 

1 1.0514622 ' 

o.32]<>o»7 j 

1 *? ■'15 " 

j / 

I</ 

0.3255682 1 

1.0576207 1 

0.3443279 1 

1 " 6 ' 

20 P 

0.3420201 • 

1 

1.0(141778 i 

! "• 393 ') 7(*2 i 

1 i 

70* 

21'* 

o. 35 «X 79 

1.0711450 i 

1 

1 0. \H 4H640 , 


22'’ i 

o. 374 ^fC,x >6 i 

X. 0785347 , 

j O.40.|O2(>2 

6H" 

2f 


I,0863f#04 

0.424 17 |H 

f#7" 

24-^ 

0.4067366 

1 i.O‘i46463 

0.4 4 5 *^61 8 7 


25” : 

0.4226183 

j 1. 1033779 : 

1 ^ 

0.4663077 

6S' 

26'* 

o- 4 A? 7 n 

1 

1 f.tl2(mq 

0.4H77 iiHi : 

64* 

27^^ 

o- 45 .i 9 ‘P 5 

1.1223262 

a, 5 (x) 52 .i 4 

63 ’ 


0,4694716 

1.132*5701 


; iij* 

a*-/ 

0.48480)6 

X.X 43 B 4 X 

0.554 v»n 

1 iif* 

30 " 

O.5OOCKX.X) 

! x.x547ox>5 

1 

0.577 IWI 

litj* 

/ 

COSINE. 

j COSECANT. 

COTANOr.JfT^ 
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SINE. 

SECANT. 

TANGENT. 


30" 

0.5000000 

1.1547005 

0.5773503 

60'’ 

31“ ' 

0.5150381 

1.1666334 

0.6008606 

59 " 

32® 

0.5299193 

1.1791784 

0.6248694 

58“ 


0.5446390 

1.1923633 

0.6494076 

57 ° 

34 '" 

0.5591929 

1.2062179 

0.6745085 

56° 

35 ’ 

0.57357(^4 

1.2207746 

0.7002075 

55 “ 

36° 

0.5877853 

1.2360680 

0.7265425 

54 ° 

37 " 

0.6018150 

1-2521357 

0.7535541 

53 " 

38’ 

0.6156615 

1.2690182 

0.7812856 

52° 

39 " 

0.6293204 

1.2867596 

0.8097840 

51° 

40" 

0.6427876 

i -3054073 

0.8390996 

50" 

41° 

0.6560590 

1.3250130 

0.8692867 

49 " 

42" 

0.6691306 

1.3456327 

0.9004040 

48“ 

43 " 

0.68 I 9984 

1.3673275 

0.9325151 

47 ° 

44 " 

0.6946584 

1.3901636 

O.96568S8 

46“ 

45’ 

0.7071068 

1.4142136 

1 .0000000 

45 ° 

4 fi‘' 

0.7193398 

1.4395565 

1.0355303 

• 44 " 

47 “ 

o. 73 ‘ 3 S 37 

1.4662792 

1.0723687 

43 " 

48^' 

0.7431448 

1.4944765 

I. r 106125 

42 '’ 

49 “ 

0.7547096 

I -524253 ^ ; 

I . i 505^,', 4 

41" 

50“ 

1 

0.7660444 

t.555723« 

: j . 191 75.56 

40'’ 


0.7771460 

1.5890157 

1.2348972 

39 ° 

52° 

0.7880108 

1.6242692 

1.2799416 

38° 

53 " 

0-7986355 

1.6616401 

1.3270448 

37 ° 

54 " 

0.8090170 

1.7013016 

1.3763819 

36° 

55 ° 

0.8191520 

1.7434468 

1.4281480 

35 ° 

56" 

0.8290376 

1.7882916 

1.4825610 

34 ° 

57 " 

0.8386706 

1.8360785 

1.5398650 

33 ° 

58° 

0.8480481 

1.8870799 

1.600334s 

32" 

59 ° 

0.8571673 

1.9416040 

1.664279s 

31° 

60® 

1 

0.8660254 

2.0000000 

1.7320508 


1 

CO.SINE. 

COSECANT. 

1 COTANGENT. 
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XA'I IJRAI. SINKS, rcrc. 


' ;V' 

r 

1', 


SINK. 

SKCANT. 

TAN* OK NT. 


1 !: 

' 1 ^ 

60'’ 

0.8660254 

2 .CKXXXXK) 

1 . 732 f >508 

30" 

61*^ 

0.8746 1 (>7 

2.01(26653 

l, 8 f)}n 47 S 

29 '‘' 

; ' , 

62^ 

o.882<)476 

2 .I 3 <X 6545 

I .KH{j7::!65 

2.H ' 

'■i 

63’ 


2.2f»268f|3 

! ,962f»!0^, 

27' 

64- 

o . 8 () Hyq ;{() 

2.28 t 1720 

2.0“,(} 

26'* 

'iir' ' 

65^^ 

0.9063078 

2.3(j620I6 

„M 415069 

25 ■’ 

■ra 

66'^ 

o- 6 i.i 54.‘;5 

2.4585633 

2.246f>36K 

"i; 

j' : 

67^ 

0.92050 }<> 

2.5563047 

2.3558:524 

23 ’ 

j' ' 


0.927 1 H3<; 

2.6694672 

2. j 75 oH 69 

22'* 


6 (f 

<>•633.5801 

2.7904281 

2.6050891 

2 l "‘ 

4 , 


o- 939 <J 62 t> 

2. f #23804 4 

2.7474774 

20 ' 

1 1 

yi ^ 

0.9455186 

3.07*5.5.35 

2,9042109 

19 * 

, w‘ ' 

72^ 

0.9510565 

3.23IxX)8q 

3.0776835 

IH""* 


73 *’ 

0 - 6563 b 48 

3..J 203036 

3.270S526 

17 " 

'u ' 

74" 

0.9612617 

3-^»279553 

3.487414.1 

16"' 


75 '^ 

o.y(.5<;25.S 

3-8637033 

3 . 732 o 5 <i^ 

15’" 


1 ?(>* 

0.97020s; 

! 4 -K 335655 

4.0107809 

if 


\ 77 

o. 974 .? 7 oi 1 

i 4 - 44 . 54**5 

4.33*4759 



! 78*^ 

o.o 7 Hi.i 7 (. 

’ 4 . 8^^#7343 

4.7046301 

12* 

70 ’^ 

o,98r6.'»7.? 

5.2.108431 

S** 445 T.r> 

1 1* 

il 

80“^ 

0.<?8 j - (/7.S 

5*7587705 

5.6712818 

to"* 

81"* 

0.9876883 : 

! 6.3924532 

('.sis;!;!? 

9" 


82-* 

OJ)t^>2hHl i 

i 7 - *852965 

-.''H'-'i; 1 

1 8^ 

|:'!l 

sr 

0.9925462 

f 8.205 5<xjo 


: 7 ' 

'I* j 

8f 

0.9945219 

i 9.5667722 

i 9.514.5645 ' 

i 6'* 



0.(^961047 

**.4737*3 

; «'- 4 .i«>S 2 1 

1 S" 

1 ,'1 

86^ 

0.9975641 

i *4.335587 . 

i4.3fxXXi6 

4’ 

1 ; 

87" 

0 . 998(>295 , 

, 19. *07323 1 

19.081137 

3 " 

I'l; ' 


c. 9993908 

: 28.653708 1 

28.636253 

2^ 

fV 1 

Htf 

0 . 9 < 8#8477 

^ 57-298688 I 

57 . 2 H <)(>(>2 


■i 

^i] 

'i : 

<)0® 

I.ODOfXKX? 

Infimtc. 1 

illikiile. 




I 

! 



COHINR. 


COSECANT. 


C0TANOEKT. 


APPENDIX. 


EXAMINATION PAPERS. 




I.-INTBBMEDIATE, 1870. 

Examiner. — Pkof. B. Wiixiamhon, I‘\T.(M)., F.R.S. 

1. Show how to construct an an^^lc whusv siui^ c; <»ivi*rL 

V2 

Construct an anul<* whoso sine is 

3 

2. Explain what is nteant tiyfhe* circular nitMsitrr af aii 
and fmd the circular incasine ol 

3. Jf sin^ I, ami sin//- i"/. lint! tin- %Si!uc of cos (/I * A). 

4. l*rovc i)y the aid of a const rmi if ui tlic f 

cos (// ■ A‘) ciisyt cos // ssii .1 sift //. 

Find w'liut this ffjrrnula lict'ofru’s--fi^ if y/ ■ //; ^2} H' A ■' 

5. Express {smA - shr’//)- i (ar->A ■ mAAf in it,, idinplr-! 
form. 

6. .Find the simplest values of/f and /> whiUi satisfy ffa* 
equations sin (3^/ > .|A) A, sin (7//-- A] i. 

7. ,In a nffht-an^’lcfl trianj,flr, Isvlnt* pivcii iiiir side am! fh'- 
opposite arqtle, slow how to lim! the rcfnaiiuii;' isiH u 

8. In a plani; triaiiple, iH'irqt ifivcm two ;4ii,| {|,|,. nis|'le 

opi'iositc one «d Ihetn ; show IniW the rcmiiidujj |.cirts ao* 
found ; out in what case the solution is airiil>i|.pi«njH, am! 

when im|>(cs.sihha 

9. Beini' ^iven two sides an<l the c-ontained angle, show how 
to determine the remaining parts. 

10. In a plane triangle, tfrovt^ tan — ami 

write down the cf?rreHponclin|.j formula in logarilliins. 

•ii. It A + //4 €}-■ iKo'h prove 

CQB^J. B cos2 A 4. cm^ C 4- 2 cos A cm // cos C i . 

*12. Prove that F - **' 

*13, Solve the equation eo?^ # s^in f , anrl 4 um lliat orn- oi 
its roots gives an impossible solution, 

r 
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II.— INTERMEDIATE, 1881. 

Examiner, — Prof. Burnside, F.T.C.D- 

1. Show geoinetrically how sin 2^ and cos 2X can be ex- 
pressed in terms of sin^ and cos A. 

2. Express sin^ and cos A in terms of sin 2X. 

3. Express the length of the perpendicular drawn from a 
vertex of a triangle to the opposite side in terms of the sides, 
proving any trigonometrical fonnxila made use of in deducing 
the result. 

4. Find the value of tan“^ -1- tan**'^ I tan“^ -h tan-^ }. 

5. Find the area of the triangle whose sides are 25 and 30 feet, 
and the included angle 54°. 

6. Solve the trigonometrical equation 3 sin:v = ;2 co^^x. 

7. Express the radius of the inscribed' circle of a triangle in 
terms of its sides. 

8. Determine the relation which exists between the sides of a 
triangle in each of the follo\ving cases : — 

( i) sin^X = sin ^-5 + sin^ C. (2) sin^ = 2 cos B sin C. 

9. In any triangle, prove 

<2 -f 5 

cos A + cos B~2 sin^ h C . . 

c 

10- In any plane triangle, prove the formula 

tan B IP' - 

tan C aP ^ P — IP' 

II. Find in its simplest form the area of the triangle whose 
sides are — 

V/S^ + y®, + Vo* + /3*. 

X 2 . Given tan {A + a) ~fi, and tan (A — a) = s'; find sin zA 
and cos 2 A in terms of and y. 
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KX AMI N A'FJ ON PA FER S . 


III.— INTEBMEBIATE, 18 S 2 . 

Examunr, — Prof. Crofton, F.R.S. 

1. State tlie formula for sin (Jt 1 />;, and deduce from if that 
for cos {A -h A). 

2. Express cotu^ - tan A as a nionfuniaL 

3. Prove that the value of siii^ a f sin*’ 0^2 sin a sin 0 

sin (a '+ fi) is unchanged, if - - a, 3 are |)nt for a and j8, 
4 4 

respectively. 

4. Idnd the area of the triangle whose sirh^s are 12, fj, 5. 

5. Given the sides «, d, and the vertical angle f’, of a tri- 
;uiglc ; express the length of a line bisecting that angle, and 
terminated by the base. 

6. Given a, 0, C\ find the side r* ; ahothe length of the bisec- 
tor of c drawn from C, 

7. If in a triangle B - zA ; find what relation exists !>etween 
the three sides, 

8. A line passes through the centre of an effuibiteral Uiangle, 
and is terminated by the sides; if .r,jK i>€,f the M-grnenis intf» 
winch it is divided at the centre, and a a side of the triangle, 
})rove 

i t i () 
xy /* ' 

9. Explain the ambiguous case in the sohition of triangles, 

Ciiven A « 60% a « 5, .solve the triangle. 

10. Two sides of a triangle are 700 and 5c» yard% and tlir 
C(mtained angle 72® 40' ; find the remaiiiing angles ; givea 

log 9 = .9542425 ; log 2 « .JDIOJO) ; 

I.og tan 53® 40' a to. 1334356 ; Log tm n** 46* 9.3553167 . 
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IV, ^-.-INTERMEDIATE, 1883. 

Kvamuifn-^-l^ROF, Lakmor, I). Sc. 


1. lE'litif tlif* siuf, i'osiiH*, aiifl t.ui^jrnt of an aiijjle, and bIkw 

Ijow lin‘y fiurn thost* oftlu* same angle plus two right 

angles. 

2. PiTwe jiin {N i ■ siii.-I cos // -f- cm; A sin//. Kind the 

results ‘d” wi'iliiig* 

(ij ffi ? A ihr A. {2 1 tfo A (or A ^ in this formula. 

j. Express in decimals the area of a regular ptnUagon whose 
is fujc' fool, 

4. A towt r suUtcinl an angle of 4^' at a eertjiin {{joint in 
a level plain, ainl an angh* at another ptdnt, which is 

ic» feet more* distant I'rom it ; fm<l its height. 


5. Prove 
Simjdify 


tan id .f 0ri- Urn ia 0) 


cos 2a -.f cos 20* 


cos 3 ffi i 0) ■■ ■ ms I (a 0) 

c:o,H I {a i 0} a is J (a - 


(k Prove that flic hiigth of the c-ircuinfcrcma* ctf a circle lies 
I'setwerfi llicjM'* «4'an inM'iilard and cire-uiriHcrile'd {ndygon; henct% 

Uikirtg regular pedygon-v dt) sides, and |2) of 12 Hides; find 

Iht? hinils hctwrrri which w rniiHi lie, 

7. Given tail /I “■ m>\ find tan to four decimal places: 

.fcccjiiiil for tlir fionblr result. 

8. Express the dnr of an angle in terms of the sides. If the 
.‘ides aic 7, H, f|, find the sine of tho grcatc’a angle. 

f|. Ciu'vri tlir four siflcs of a rinaddltteral, and one angle; 
daiw fully how lo find I hr cnhrr angIcH. 

f«. II1*; two sides of a Iriatigle are 45 ami 45 feet, and the 
mntaiiif f.l aiiglr in lifoC; find the length of the hum, and the 
li'iiglli of llif: siraiiihf line hisrcfiiig the vertical angle and termi- 
iiatccl hf liii* each to two placcH of decimak. 

*• 
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•Y.—WOOLWIOH’— Preliminary, Jtme, 1882. 


1. Prove that the anjL;le huhtcndecl at the centre of a circle b\ 
an arc equal to the radius is invariable. 

2. Define tlie secant of an an^Ie, ami a|>|>ly your definition ft* 
angles in the third quadrant. 

3. Obtain a formula embracing all angles having a given tan- 
gent. 

Determine all the values of & which satisfy the equation 


I -}• VJ . tan^^ (I I tan 0, 

4. Find an expression for tan 3/I in terms of tan /I, and show 
that tan 3/! . tan 2 A . tan A tan j/t - tan 2/1 - tan A. 

5. Prove Kin*3<^ sin 18 sin 54 ; and show that in any circle, 
the chonl of an arc of loB" is e*|ual to the sum of the chords of 
arcs of 36'' and 60’. 

(). Demonstrate the identities 


(cosec A 4 sec A )‘^ 
cosgc'^A 4 - sec'.'/ 


I 4^' sec 2// ; 4(€Ot'-^3 4- */5l r. 


7. What are tin- advantages gained by the use of logarithms 
lalcuhited to the base 10? 


2 ibc COS A 


If logjo 2 .3010300. find logH, 5, lognMi,-.! log!,., 4 '/»005, 

8. In any tiiaiqdc, prove that 

I 4- ami A - /*! ros C //*’ f 

i + co> {A t ‘1 #i* 4 - r^’ 

(}. If 7‘j be tin,; radius of the cHcribed circle which Imiclics tile 
hide a of a triangle t^xlcnially ; jirove 

A ft C 


Ti COH - 


■■-r a i:()s ■ Vim 

2 


If a be the side of a regular polygon of « hides, A\ r llic radii 
of its circumscribed and iuhcribcd cirdcs; firovt; 

A 4‘ / - ■■ cot , 

3 2 n 


10. 'IVoshIcsof a triangle arc respectively 250 and 2t« yards 
long, and contain an angle of 54“* jb' 24" ; find lint oilier aiiglch, 
having given 

Log cot 27** r8* « 10.28733381 dilT. for f m ; ^ 

Log taiu 2" B' 50'' 09,33 29392; bgj .v:: .4771213. 
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VI.-— WOO.LWICH --Prfsliiuiiuiry, Deo«mbor, 1882 . 

1. i- nicl i'ori'rit, t<‘> ihrftr {»Iart'> uf (icriiualN, tlii* radius of a 

i ircic, ill whit.'li an arr, 15 iia'lit"-, subtends at ilu* centre 

..'i ari^’lr i oiilainioi^ 71 ’’ 3 b' 3 df'. 

2. Gi%‘t:u citsJ • .2:8, liclcrmiue the value of lau Ji/I, and ex- 
the icasou t>f the amld^niity wlikh ptCAcnih it-stdf in your 

3. Pi'Mve that 

|i) iu,n6 -i cotv f umx'^$; 


{ 2 } hvx & - tan a tan ^ ^ j ; 
fji cos 2t;‘ -4 cos i co*i l-icr o ; 


{4) 4 tair* ^ 


4, SLilc and pisivc the iiilcs l»v mean* i 4 " whiih you can de- 
icruiiiir, by iiisiicttioii, thr intc|»r.d |♦arloftllc lo|tartll«rt of any 

ji'urjibcr. 

« liven Jo|' 4.0b .^054817 ; Inji yadan ^ find thr 

bevy'iiimi , (if aiiroiob, 4 'yariV 5 . 

3. If ?■ ./I . u*;‘4 // 13 ; hud all flic other |cirts 

<.-4' fill' triaiiftlc. 

0 , I’dfi'l III'-' ijrrab* 4 au^jh-’ ^d the Mianitlc wlio-^e dfhrH are |i>, 
711, rcs|.icc:livr;ly, having given 

log b .77II15IJ; Log cosj*r' t.| -■ ; dill', k lo|2. 

7 . ls\jifcsH the area of a rriaiiglc iii fcrins of oue^ide and ifs 
.jdj.itrut .»iigh’ Two of a trciiigylar fcTtI are 111 ’ and 

livi’lvi an<l Ihr haigUi oi lie- sidr o|i|ios|le |i» ifir 
giraicr c-. a .{uiioiig ; |irovc lhai the held contailta r-*aclly t%to 
4 ! rrs aird adjalf. 

II ii|, f/-, #/.i be tlif* diaimTtcr?* of the thr»rc rscriligfi urries 

m|' a ; |»rovr that 





m 
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VII.-JtnsriOB EXHIBITIONS (T.C.E.I, 1882 . 

ICxamhur.~\\’ . S. M'Cay, l-'.'I'.c’.D. 

I- Construct an aujtic whose .secant ^-haU he I 

2. A m<in is olistTvcul to subtt'inl zti of 8 ; on tip- 

proaclun|.; lOO yards nearer tt> him, he suhteiids fc# ; find tjo-' 
height and <!istanee. 

3. l^rove that the distance of tiie sea horizon in miles i-. 
VjiT's)//, when // is the height of thi' ohserver's eye ahovr the 
sea level. 

4. Prove that the area of a circle it wr-. 

5. Solve the eipiation 

sin .V 4- cos ar 2 ‘Jz sin ~v . cos x. 

(k Prove the relation in a triangle 

a sin(//-“ ( '} 4 /z sin (O’ -■ .d) f c sin (*‘l - /*] o. 


7. The sides of a triangle arc 2 , Vh, t \ ‘/j*. fmdihr 

g. The shies of a triangle arc J, 5* h ; find fin* tiuln ti 
scribed arnl circnmhrrilicd eirclcs. 


9. l*rovc 


,1 ,1 

4 tarn* *- tatr* 

S nn 4 


lO. Two sides a, // of a triarngh* arc to r*urli othi'r an r| : 7, ,ind 
the included angle h 64" 12’; find l.og tan J {A - ./A,bi!iii|! giv.-n 

log 2 *3010300 ; Log tan 57'* 54' 1041^252 
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VIII.— JUNIOR EXHIBITIONS (T. C. D), 1883. 
Examiner, — Rev. R. Townsend, F.T.C.D. 

1. Reduce to circular measure 11° 27' 33''; and to degrees, 
minutes, and seconds, the angle whose circular measure is i. 

2. Calculate in feet the distance at which a sphere, of a yard 
radius, would subtend an angle of half a minute to the eye of an 
observer. 

3. Given that ^ r sin 0 ; q-r cos 6 ; find, in terms of 
r and $, the roots of the equation 

^2 _j. — q^= o. 

4. Given that p = rsecff, q= rtanO; find, in terms of 
r and 6 , the roots of the equation 

-1- s= O. 

5. Assuming the general formulae for cos(^ ±_B) and for 
sin [A + in terms of the sines and cosines of A and B ; prove 
from them that 

cos 3.^4 = 4 cos^A — s cos A, and sin 3^ = 3 sin — 4 sin^A. 

6. Prove, by actual involution, that 

(4 cos'*^.^ - 3 cos Ap + (3 sin ^ - 4 sin^A)^ =1. 

7. If d be the diameter of the circumcircle of the triangle 
ABC; prove 

a=:dsm.A, d=^dsmB, c = dsmC. 

8. The three sides of a triangle are 13, 14, 15. Calculate 
exactly the radii of its circumscribed and inscribed circles. 

9. Express the altitude ^ of a triangle in terms — (r) of the 
base c, and the two base angles A, B; (2) of the two sides 
a and b, and the vertical angle C. 

to. The head of the Nelson Column being supposed to have 
the altitudes a and at the distances a and h from the foot of 
the O’Connell Monument, in the line joining the feet of the 
monuments ; required the height of the Nelson Column ? 
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IX.— JUOTOB EXHIBITIONS (T. €. D.), 1884. 

Examiner, — Prof. B. Williamson, F'.T.C.D. 

1. If tan ./4 = 2 - V3 ; find tlie value of tan lA, 

2. Find the simplest form of the expression 

sin 6 — sin 30 + sin 5^ 
cos 6 — cos 30 + cos 50* 

3. Find the value of x which satisfies the equation 

, X ^ , X ^ , a: tt 

tan-i - + tan"^ - -f tair* - = 
a h c 2 

*4. Find the real and the imaginary parts of the fraction 
cos a 4 V- 1 sin a ^ 
cos)8 4 V- I sin j8 


5. In a plane triangle, prove the fonnula 
A ^^{ s- d ){s --C) 


tan 


and write down the corresponding logarithmic equation , 

* 6 . Explain the method of calculating the cosines of small 
angles, and find the value of cos 1° to five decimal places. 

7. Being given two sides of a triangle and its contained 
angle ; show how to find the remaining sides and angles. 

8. In a triangle, being given 


a = b 2 , ^=123, ^=125; 

B 

find the numerical value of cos 

2 

9. Prove, in any manner, that the trisection of an angle is 
reducible to the solution of a cubic equation. 

10. Find the area of a quadrilateral inscribed in a circle in 

terms of the sides. 

REStHsm- msTtryTt 

bangalore 6 
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